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EXTENDED DE FINETTI THEOREMS FOR BOOLEAN 
INDEPENDENCE AND MONOTONE INDEPENDENCE 

WEIHUA LIU 


Abstract. We construct several new spaces of quantum sequences and their quantum 
families of maps in sense of Soltan. Then, we introduce noncommutative distributional 
symmetries associated with these quantum maps and study simple relations between 
them. We will focus on studying two kinds of noncommutative distributional symme¬ 
tries: monotone spreadability and boolean spreadability. We provide an example of a 
spreadable sequence of random variables for which the usual unilateral shift is an un¬ 
bounded map. As a result, it is natural to study bilateral sequences of random objects, 
which are indexed by integers, rather than unilateral sequences. In the end of the paper, 
we will show Ryll-Nardzewski type theorems for monotone independence and boolean 
independence: Roughly speaking, an infinite bilateral sequence of random variables is 
monotonically(boolean) spreadable if and only if the variables are identically distributed 
and monotone(boolean) with respect to the conditional expectation onto its tail algebra. 
For an infinite sequence of noncommutative random variables, boolean spreadability is 
equivalent to boolean exchangeability. 


1. Introduction 

The characterization of random objects with distributional symmetries is an important 
object in modern probability and the recent context of Kallcnberg [lH] provides a compre¬ 
hensive treatment of distributional symmetries in classical probability. A finite sequence 
of random variables (£i,£ 2) ■••>61) is said to be exchangeable if 

(£l>—)£n) = (£<t( 1) 5 — ,£<r(n))) VfT G S n , 

where S n is the permutation group of n elements and = meas the joint distribution of the 
two sequences are the same. Compare with exchangeability, there is a weaker condition 
of spreadability: (£ 1 , ...,£ n ) is said to be spreadable if for any k < n, we have 

( 1 ) ( 6 ; ■•■,&) = ( 6 d h<l2<---<h 

An infinite sequence of random variables is said to be exchangeable or spreadable if all 
its finite subsequences have this property. In the study of distributional symmetries in 
classical probability, one of the most important results is de Finetti’s theorem which states 
that an infinite sequence of random variables, whose joint distribution is invariant under 
all finite permutations, is conditionally independent and identically distributed. Later, in 
[22l | . Ryll-Nardzewski showed that de Finetti theorem hold under the weaker condition of 
spreadability. Therefore, for infinite sequences of random variables in classical probability, 
spreadability is equivalent to exchangeability. 
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Recently, Koslter [14] studied three kinds of distributional symmetries, which are sta¬ 
tionary, contractability and exchangeablity, in noncommutative probability. It was 
shown that exchangeability and spreadability do not characterize any universal inde¬ 
pendent relation in his framework. In addition, for infinite sequences, exchangeability is 
strictly stronger than spreadability in noncommutative probability. It should be pointed 
out that the framework in his paper is a IF*-probability space with a faithful state. In 
this paper, we will consider our problems in a more general framework. 

In the 1980’s, Voiculescu developed his free probability theory and introduced a univer¬ 
sal independent relation, namely free independence, via reduced free products of unital 
C*-algebras|29[. For more details of free probability, the reader is referred to the mono¬ 
graph [2sl ]. One can see that there is a deep parallel between classical probability and free 


probability. Recently, in 15], Koslter and Speicher extended this parallel to the aspect 


of distributional symmetries. I 11 their work, by strengthening classical exchangeability to 
quantum exchangeability, they proved a de Finetti type theorem for free independence, 
i.e. for an infinite sequence of random variables, quantum exchangeability is equivalent to 
the fact that the the random variables are identically distributed and free with respect to 
the conditional expectation onto the tail algebra. The notion of quantum exchangeability 
is given by invariance conditions associated with quantum permutation groups A s (n) of 
Wang [3l| . This noncommutative de Finetti type theorem is an instance that free indepen¬ 
dence plays in the noncommutative world the same role as classical independence plays in 
the commutative world. It naturally raises a motivation for further study of noncommu¬ 
tative symmetries that “any result in classical probability should have an extension in free 
probability.” For applications of this philosophy, see[2], jl], |6 . Especially, in [ 5 J, Curran 
introduced a quantum version of spreadability for free independence. It was shown that 
quantum spreadability is weaker than quantum exchangeability and is a characterization 
of free independence. More specifically, in a kF*-probability space with a tracial faithful 
state, for an infinite sequence of random variables, quantum spreadability is equivalent to 
the fact that the the random variables are identically distributed and free with respect to 
the conditional expectation onto the tail algebra. In other words, quantum spreadability 
is equivalent to quantum exchangeability for infinite sequences of random variables in tra¬ 
cial IF*-probability spaces. Another remarkable application of quantum exchangeability 
was given by Freslon and Weber [T(j[ . They characterize Voiculescu’s Bi-freeness [30j via 
certain invariance conditions associated with Wang’s quantum groups A s (n). 

In 26], Speicher and Woroudi introduced another independence relation which is called 
boolean independence. It was show that boolean independence is related to full free 
product of algebras jlj and boolean product is the unique non-unital universal product 
in noncommutative probability |25j. The study of distributional symmetries for boolean 
independence was started in [16|. We constructed a family of quantum semigroups in 
analogue with Wang’s quantum permutation groups and defined their coactions on joint 
distributions of sequences. It was shown that the distributional symmetries associated 
those coactions can be used to characterize boolean independence in a proper framework. 


For more details about boolean independence and universal products, see 25]. It inspires 


us to study more distributional symmetries for boolean independence under the philos¬ 
ophy “any result in classical probability and free probability should have an extension 
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for boolean independence”. In analogue with easy quantum groups in |1|, we construct 
“easy ’’boolean semigroups and study their de Finetti type theorems in [17]. To apply our 
philosophy further, it is naturally to find an extended de Finetti type theorem for boolean 
independence. Specifically, we need to find the “noncommutative version of spreadability 
’’for boolean independence and prove an extended de Finetti type theorem associated 
with the noncommutative spreadability. 


The main purpose of this paper is to study noncommutative versions of spreadability 
and extended de Finetti type theorems associated with them. 


Some other objects come into our consideration when we study spreadable sequences of 


random objects. It was shown in 19], there are two other universal products in noncom¬ 


mutative probability if people do not require the universal construction to be commuta¬ 
tive. We call the two universal products monotone and anti-monotone product. As tensor 
product, free product and boolean product, we can define monotone and anti-monotone 
independence associated with monotone and anti-monotone product. Monotone indepen¬ 
dence and anti-monotone independence are essentially the same but with different orders, 
i.e. if a is monotone with b , then b is anti-monotone with a. For more details of mono¬ 
tone independence, the reader is referred to [l8j], [21]. It is well known that a sequence of 
monotone random variables is not exchangeable but spreadable. Therefore, there should 
be a noncommutative spreadability which can characterize conditionally monotone inde¬ 
pendence. 

The first several sections devote to defining noncommutative distributional symmetries 
in analogue with spreadability and partial exchangeability. Recall that in [2] [Bf, noncom¬ 
mutative distributional symmetries are defined via invariance conditions associated with 
certain quantum structures. For instance, Curran’s quantum spreadability is described 
by a family of quantum increasing sequences and their quantum family of maps in sense 
of Soltan. The family of quantum increasing sequences are universal C*-algebras Aj(n, k) 
generated by the entries of a n x k matrix which satisfy certain relations R. Following 
the idea in [l6j, to construct a boolean type of spaces of increasing sequences 5*(n, k), we 
replace the unit partition condition in R by an invariant projection condition. Recall that 
in In [ 91 ], Franz studied relations between freeness, monotone independence and boolean 
independence via Bozejko, Marek and Speicher’s two-state free products^. In his con¬ 
struction, monotone product is something “between” free product and boolean product. 
Thereby, we construct the noncommutative spreadability for monotone independence by 
modifying quantum spreadability and our boolean spreadability. We will study simple 
relations between those distributional symmetries, i.e. which one is stronger. 

As the situation for boolean independence, there is no nontrivial pair of monotonically 
independent random variables in IF*-probability spaces with faithful states. Therefore, 
the framework we use in this paper is a IF*-probability space with a non-degenerated 
normal state which gives a faithful GNS representation of the probability space. In this 
framework, we will see that spreadability is too weak to ensure the existence of a con¬ 
ditional expectation. Recall that, in PF*-probability spaces with faithful states, we can 
define a normal shift on a unilateral infinite sequence of spreadable random variables. 
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Here, “unilateral” means the sequence is indexed by natural numbers N. An important 
property of this shift is that its norm is one. Therefore, given an operator, we can con¬ 
struct a WOT convergent sequence of bounded variables via shifts. The is the key step 
to construct a normal conditional expectation in previous works. But, in W*-probability 
spaces with non-degenerated normal states, the unilateral shift of spreadable random vari¬ 
ables is not necessarily norm one. An example is provided in the beginning of section 6. 
Actually, the sequence of random variables are monotonically spreadable which is an in¬ 
variance condition stronger than classical spreadability. Therefore, we can not construct a 
conditional expectation, for unilateral sequences, via shifts under the condition of spread- 
ability. To fix this issue, we will consider bilateral sequences of random variables instead 
of unilateral sequences, “bilateral” means that the sequences are indexed by integers Z. In 
this framework, we will see that the shift of spreadable random variables is norm one so 
that we can define a conditional expectation via shifts by following Kostler’s construction. 
Notice that the index set Z has two infinities, i.e. the positive infinity and the negative 
infinity. Therefore, we will have two tail algebras with respect to the two infinities and 
will define two conditional expectations consequently. We denote by E + the conditional 
expectation which shifts indices to the positive infinity and E~ the conditional expecta¬ 
tion which shifts indices to negative infinity. We will see that the two tail algebras are 
subsets of fixed points of the shift and the conditional expectations may not be extended 
normally to the whole algebra. In general, the two tail algebras are different and the 
conditional expectation may have different properties. To noncommutative spreadability 
for monotone independence, we have the following: 

Theorem 1.1. Let (A, <f>) be a non degenerated W*-probability space and {xf)^ be a bilat¬ 
eral infinite sequence of self adjoint random variables which generate A as a von Neumann 
algebra. Let Ajj be the WOT closure of the non-unital algebra generated by {xi\i > k}. 
Then the following are equivalent: 

a) The joint distribution of (ay)* e z is monotonically spreadable. 

b) For all k e Z, there exits a preserving conditional expectation Ef,. : A~l —* 
Afiaii such that the sequence {xf)i>k is identically distributed and monotonically 
independent with respect E^. Moreover, £*1.4 , = £fc' when k > k!. 

In general, we can not extend E + to the whole algebra A, but we have the following: 

Proposition 1.2. Let (A,<f>) be a non degenerated W*-probability space and (ay)iez be 
a bilateral infinite sequence of selfadjoint random variables which generate A as a von 
Neumann algebra. If the joint distribution of (x: t ) ie z is monotonically spreadable, then 
E~ can be extend to the whole algebra A normally. 

We will see that boolean spreadability implies monotone spreadability and anti-monotone 
spreadability. Therefore, both E + and E~ can be extended normally to the whole alge¬ 
bra A. Moreover, for boolean spreadable sequences, E + = E~ and the two algebras are 
identical. In summary, we have 

Theorem 1.3. Let ( A , <f>) be a non degenerated W*-probability space and (xf)^ be a bilat¬ 
eral infinite sequence of selfadjoint random variables which generate A as a von Neumann 
algebra. Then the following are equivalent: 
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a) The joint distribution of (xi) iG fq is boolean spreadable. 

b) The sequence (xi) iG z is identically distributed and boolean independent with respect 
to the (f—preserving conditional expectation E onto the non unital tail algebra of 
the (xi) ieZ 

The paper is organized as follows: In section 2, we will introduce preliminaries and no¬ 
tation from noncommutative probability and recall Wang’s quantum permutation groups 
and boolean quantum semigroups. In section 3, we briefly review distributional symme¬ 
tries for finite sequences of random variables in classical probability and we restate these 
symmetries in words of quantum maps. Then, we introduce noncommutative versions 
of these symmetries and their quantum maps. In the end of this section, we will define 
quantum spreadability, monotone spreadability and boolean spreadability for bilateral in¬ 
finite sequences of random variables. In section 4, we will study simple relations between 
our noncommutative symmetries. In particular, we will show boolean exchangeability 
is strictly stronger than boolean spreadability. Therefore, operator-valued boolean in¬ 
dependent random variables are boolean spreadable. In section 5, we will introduce an 
equivalence relation on the set of sequences of indices. With the help of the equivalence 
relation, we will show that operator-valued monotone independent sequences of random 
variables are monotonically spreadable. In section 6, we first provide an example that a 
monotonically spreadable unilateral sequence of bounded random variables is unbounded. 
Therefore, we cannot define conditional expectation for unilateral spreadable sequences 
via shifts in a W*-probability space with a non-degenerated normal state. Then we will 
turn to study bilateral sequences of random variables. We will introduce tail algebras 
associated with positive infinity and negative infinity and study elementary properties of 
conditional expectations associated with the two tail algebras. In section 7, we will study 
properties of conditional expectations under the assumption that our bilateral sequences 
are monotonically spreadable. In section 8, we will prove a Ryll-Nardzewski type theorem 
for Monotone independence. In section 9, we will prove a Ryll-Nardzewski type theorem 
for boolean independence. 


2. Preliminaries and examples 


We recall some necessary definitions and notions from noncommutative probability. For 


further details, see contexts [15], 20 


Definition 2.1. A non-commutative probability space (M, <f >) consists of a unital algebra 
A and a linear functional (f : A —» C such that <f>(ljf) = 1. (A, </>) is called a ^-probability 
space if A is a *-algebra and <f(xx*) > 0 for all x G A. (A, <f >) is called a W*- probability 
space if A is a W*-algebra and 0 is a normal state on it. We will not assume that (j) is 
faithful. The elements of A are called random variables. Let x E A be a random variable, 
then its distribution is a linear functional pi x on C[A]( the algebra of complex polynomials 
in one variable), defined by n x (P) = 4>(P( X ))- 


Definition 2.2. Let A be a W*-algebra, a normal state (j) on A is said to be non- 
degenerated if x = 0 whenever (f>(axb) = 0 for all a.b E A. 


By proposition 7.1.15 in ll|, if <f> is a non-degenerated normal state on A then the GNS 
representation associated to (f is faithful. In this paper, we will work with !R*-probability 
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space with a non-degenerated normal state. The reason is that there is no non-trivial pair 
of boolean or monotonically independent random variables in bF*-probability spaces with 
faithful states. See 116 . 


Definition 2.3. Let I be an index set. The algebra of nonconnnutative polynomials 
in |/| variables, C(Xj| i G /), is the linear span of 1 and noncommutative monomials of 
the form XffXff ■ ■ ■ Xf n with «i ^ *2 ^ ^ h £ ^ and all k /s are positive integers. 

For convenience, we will denote by C(A'j| i G /) 0 the set of noncommutative polynomials 
without a constant term. Let (xj) ig / be a family of random variables in a noncommutative 
probability space (.A, <f>). Their joint distribution is the linear functional p : C(Xi\i G I) — > 
C defined by 

m(xZ , x£--x£) = </,(4‘ x %~- x £), 

and p( 1) = 1. 

In general, the joint distribution depends on the order of the random variables, e.g fi Xty 
may not equal pL VjX . According to our notation, ^i Xj2/ (A 1 A 2 ) = <f>{xy ), but /j, ytX (XiX 2 ) = 
4>(yx). In this paper, our index set / is always an ordered set with order “> ”e.g. hi, Z. 

Definition 2.4. Let (A , <f> ) be a noncommutative probability space. A family of (not 
necessarily unital) subalgebras {Ai\i G 1} of A is said to be boolean independent if 

<j>(xix 2 ■ ■ ■ x n ) = <j>(xi)<j>(x 2 ) ■ ■ ■ (f>(x n ) 

whenever G Ai{k) with i(l) ^ i( 2) ^ ^ i{n). The family of subalgebras {Ai\i G 1} 

is said to be monotonically independent if 

(j)(x i • • • • • • X n ) i • • • • • • Xn) 

whenever Xj G A tj with ii ^ i 2 ^ ^ * B and 4 -1 < 4 > 4+ 1 - A set of random variables 

{xi G A\i G /} is said to be boolean(monotonically) independent if the family of non- 
unital subalgebras Ai, which are generated by x* respectively, is boolean (monotonically) 
independent. 

One refers to [i] for more details of boolean product and monotone product of random 
variables. In general, the framework for boolean independence and monotone indepen¬ 
dence is a non-unital algebra. Thereby, we will use the following version of operator valued 
probability spaces: 


Definition 2.5. Operator valued probability space An operator valued probability 
space (A, B, E : A —> B) consists of an algebra A, a subalgebra B of A and a, B — B 
bimodule linear map E : A B, i.e. 


E[b ia b 2 } = &i£[a]&2, E[b\ = b 


for all b\, & 2 , b G B and a G A. According to the definition in 27], we call E a conditional 


expectation from A to B if E is onto, i.e. E[A\ = B. The elements of A are called random 
variables. 


Remark 2.6. In free probability theory, A and B are assumed to be unital and share the 
same unit 
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Definition 2.7. For an algebra B. we denote by B(X) the algebra which is freely gen¬ 
erated by B and the indeterminant X. Let lx be the identity of C(X), then B(X) 
is set of linear combinations of the elements in B and the noncommutative monomials 
boXbiXb-2 ■ ■ ■ b n _iXb n where bk £ B U {Cl^} and n > 0. The elements in B(X) are 
called ^-polynomials. In addition, B(X ) 0 denotes the subalgebra of B(X) which does 
not contain a constant term in B , i.e. the linear span of the noncommutative monomials 
b 0 XbiXb2 ■ ■ ■ b n _iXb n where bk E B U {C1_y} and n > 1. 

Here are the operator valued versions of noncommutative independences: 

Definition 2.8. Let be a family of random variables in an operator valued prob¬ 

ability space (.4, B, E : A —> B), where A and B are not necessarily unital. {xi} ie j is said 
to be boolean independent over B if 

E[pi(x h )p 2 (x i2 ) ■ ■ ■p n (x in )] = Elp^x^E^ix^)] ■ ■ ■ E[p n (x in )} 

whenever i u - • • , i n e /, i\ ^ i 2 ^ ± i n and pi, ■ ■ ■ ,p n e B(X) 0 . 

{xi}i<zi is said to be monotonically independent over B if 

E[pi(x h ) ■ ■ ■ Pk-iix^JpkixiJpk+iix 

*fc+i) ’ ’ ' Pn( x in)] 

= • • -Pn(x in )\ 

whenever i u ■ • ■ , i n G I, i\ ± i 2 ^ ^ 4, h-i < 4 > 4+i and pi, • • • ,p n G B{X) 0 . 


Notice that there is another natural order “< ”on I, i.e. a < b if b > a. Therefore, 
we can define another noncommutative independence relation. is said to be anti- 

monotonically independent with respect to E and index order “>” if is said to be 

anti-monotonically independent with respect to E and index order “<”. See more details 
in 0. 


2.1. Noncommutative distributional symmetries. Recall that, in 
duced the following quantum analogue of permutation groups: 



, Wang intro- 


Definition 2.9. A s (n) is defined as the universal unital C*-algebra generated by elements 
{ u i,j)i,j=i,-n suc h that we have 

• Each Uij is an orthogonal projection, i.e. u*j = Uij = ujj for all i,j — 1, ■ - - , n. 

• The elements in each row and column of u — (u l j) r j L j =l ... n form a partition of unit, 
i.e. are orthogonal and sum up to 1: for each i — 1 , • ■ • , n and k ^ l we have 

d and UkiV'li 0, . 


and for each i — 1, • • • , n we have 


^ ik 1 


n 


k =1 


k =1 


'U'ki' 


A s (n ) is a compact quantum group in sense of Woronowicz 33], with comultiplication, 
counit and antipode given by the formulas: 


n 

ij ^ ^i,k & ^ k,j 
k =1 
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e ( U i,j ) ^i,j 

S(u lt j) 'llj^i 

It was shown that the this quantum structure can be used to characterize conditionally 
free independence [THI ] . 

In [16], we modify the universal conditions of Wang’s quantum permutation groups: By 
replacing the condition associated with partitions of the unit by a condition associated 
with an invariant projection, we get the following universal algebras: 

Quantum semigroups (B s (n), A): The algebra B s {n ) is defined as the universal unital 
C'*-algebra generated by elements u t ,j ( i,j = 1, •••n) and a projection P such that we 
have 

• each Uij is an orthogonal projection, i.e. u* 3 = u itJ = uf 3 for all i, j — 1, • • • ,n. 


0 and Uk,i^l,i 0 

whenever k^l. 

n 

• For all 1 < i < n, P = ^2 P. 

fc=i 

There is a natural comultiplication A : B s {n ) —> B s {n ) <g) min B s {n) dehned by 


Aujj = S ^u it k® u k}j , A(P)=P<g)P, A(7) = /<8)/, 

k=i 


where <g) mm stands for the reduced C*-tensor product. The existence of of these maps is 
given by the universal property of B s (n). Therefore, ( B s {n ), A)’s are quantum semigroups 
in sense of Soltan 24]. These quantum structures can characterize conditionally boolean 
independence, see more details in GT 


3. Distributional symmetries for finite sequences of random variables 


In this section, we will review two kinds of distributional symmetries which are spread- 


ability and partial exchangeability, in classical probability. In 12], we see that the dis¬ 


tributional symmetries can be dehned for either finite sequences or infinite sequences. 
Moreover, each kind of distributional symmetry for infinite sequences of random objects 
is determined by distributional symmetries on all its finite subsequences. For example, 
an infinite sequence of random variables is exchangeable iff all its finite subsequences are 
exchangeable. We will present distributional symmetries for finite sequences and then 
introduce their counterparts in noncommutative probability. In the first subsection, we 
recall notions of spreadabilit.y and partial exchangeability in classical probability and 
rephrase these notions in words of quantum maps. In the second subsection, we will 
introduce counterparts of spreadabilit.y and partial exchangeability in noncommutative 
probability. Even though there are many interesting properties of partial exchangeability, 
we are not going to study it too much in this paper because the main problem we concern 
is about extended de Finetti type theorems for noncommutative spreadable sequences of 
random variables. We will discuss relations between those noncommutative distributional 
symmetries in the next section. 
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3.1. Spreadability and partial exchangeability. Recall that in 13], a finite sequence 
of random variables (aq,..., x n ) is said to be spreadable if for any k < n, we have 

(2) (aq,...,x fc ) = (x h ,...,xi k ), h < l 2 < ■ ■ • < l k 

For fixed natural numbers n > k, it is mentioned in , the above relation can be described 
in words of quantum family of maps in sense of Soltan 23]: Considering the space I k , n 
of increasing sequences X — (1 < R < • • • < i k < n). For 1 < i < n, 1 < j < k, define 
fi,j ■ h,n -» C by: 


hi(i) = 


i, ij = i 
0 , ij 7 ^ i 


If we consider I U)k as a discrete space, then the functions / M - generate C(I nik ) by the Stone- 
Weierstrass theorem. Let C[Xj,X m ] be the set of commutative polynomials in m vari¬ 
ables. The algebra C(I Ut k ) together with an algebraic homomorphism a : C[X 1; ...,X k ] —> 
C[Xi,..., X n ] (g) C(I k ,n) define by: 

n 

a ■ Xj = S £^X i ® fij, a(l) = lc(4,n) 

2—1 


defines a quantum family of maps from {1,..., k} to {1, 

We can use this family of quantum maps to rephrase equation ([2]): Let /i xi . )Xn be the 

joint distribution of (xi, ...,x n ). For fixed natural numbers n > k, 


( 3 ) Hxi,...,x k {p)^c{i n}k ) = ® id c(i n , k )(a(p)) 

for all p G C[aq, ...,Xh\- 

For completeness, we provide a sketch of proof here: Suppose equation (J2]) holds. Let 
p = • • • Xj"‘ be a monomial in C[X 1; ..., X k \ such that 1 < ji < j 2 < ■ ■ ■ < j m < k and 

ii ,..., i m are positive integers. Let X = (1 < < ■ ■ ■ < l k < n) be a point in I k n . Then, 

the X-th component of Pxi,...,x k ip)^c{i n>k ) is E[x)[ • • ■ . The X-th component// Xl; „. )Xn <8) 

(«(?>)) is 

n 

Sl r .,S m =l 

According the definition of fij, {f SUJ1 ■ ■ ■ fs rn ,j rn )(X) is not vanished only if s t = lj t for all 
1 < t < m. Therefore, 


Y E {4 ■ • • <](/,„,, • • ■ /. mJ :„)(!) = Bfx” • • ■ ]. 

Si , ■ ■ . 5 S777, —- 1 


Since 1 < j\ < < ■ ■ ■ < j m < k and X is an in creasing sequence, we have 1 < lj 1 < 

■ ■ ■ < Ijm < n ■ Hence, the X-components of the two sides of equation ([5]) are equal to each 
other. Since X is arbitrary, equation ([5]) holds. By checking the X component of equation 
0 we can also show that ([5]) implies (J2D- We will say that (£ 1 , ...,£n) is (n, A:)-spreadable 
if (xi,...,x n ) satisfies equation ((5]). 


Remark 3.1. We see that the above (?r, fc)-spreadability describes limited relations be¬ 
tween the mixed moments of (aq,..., x n ). Once we fix n , k, the (n, A:)-spreadability gives 
no information about mixed moments which involve k + 1 variables. For example, let 
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n = 4, k = 2 and assume that (aq,...,x 4 ) is a (4,2)-spreadable sequence. According 
to equation ((2D, we know nothing about the relation between E[x\x 2 xf\ and E[x 2 x 3 x 4 ]. 
We will call this kind of distributional symmetries partial symmetries because they just 
provide information of part of mixed moments but not all. 


By using the idea of partial symmetries, we can define another family of distributional 
symmetries which is stronger than (n, fc)-spreadability but weaker than exchangeability. 


Definition 3.2. For fixed natural numbers n > k, we say a sequence of random variables 
(aq,... ,x n ) is (n,k)-exchangeable if 


(aq,..., xf) (Afr(i), 'L<t(/c)), 


Va G S n , 


where S n is the permutation group of n elements. 

This kind of exchangeability is called partial exchangeability. For more details, see [7j. 
As well as (n, A;)-spreadability, we can rephrase partial exchangeability in words of quan¬ 
tum family of maps: Considering the space E n k of length k sequences (X = (q,..., z fc )|l < 
ii ,..., ik < n, ij f ij> for j f j'}. For 1 < i < n, 1 < j < k, define g t .j : I n . k —> C by: 


9%j@) 


1 , 

0 , 


ij — i, 
ij f i. 


Given two different sequences X = (q,..., if) and X' = (zj, ...,i' k ), there must exists a num¬ 
ber j such that ij f i'j. Then, we have that gijfX) = 1^0 = g itij (T). Therefore, the set 
of functions {gi,j\i = 1 = 1 ,...,&} separates E n . k . According to Stone Weierstrass 

theorem, the functions g % .j generate C(E ntk ). Again, we can define a homomorphism 
a' : C[A 1; .... Xf —> C[Aj, ...,X n ] ® C(E nyk ) by the following formulas: 


a ' '■ X i ~ Xi ® 9i,j, “'(i) - 1 C(T k , n )- 

2=1 


Lemma 3.3. Let fi Xl ,....,x n be the joint distribution of x \,..., x n . Then 

Fxi,...,Xk (P^ciin.u) = Tx u ...,x n ® id C (i n!k )(a(p )) 

for all p G C[Ai,..., Xf\ if and only if aq,..., x n is ( n,k ) exchangeable. 

The proof is similar the proof of (n, A;)-spreadability, we just need to check the values 
at all components of E n k . 


3.2. Noncommutative analogue of partial symmetries. Now, we turn to introduce 
noncommutative versions of spreadability and partial exchangeability. The pioneering 
work was done by Curran [5|. He defined a quantum version of C(I nt f) in analogue of 
Wang’s quantum permutation groups as following: 

Definition 3.4. For k,n E N with k < n, the quantum increasing space A(n,k) is the 
universal unital C *—algebra generated by elements |1 < i < n, 1 < j < k} such that 

1. Each Uij is an orthogonal projection: = u*j = vfj for all i = l,...,n;j = 

l,...,k. 
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2. Each column of the rectangular matrix u = forms a partition of 

n 

unity: for 1 < j < k we have u i,j — 1- 

i =1 

3. Increasing sequence condition: = 0 if j < j' and i > %'. 

Remark 3.5. Our notation is different from Curran’s, we use A r {n. k) instead of his 
Ai(k,n) for our convenience. 

For any natural numbers k < n, in analogue of coactions of A s (n), there is a unital 
^-homomorphism a n j, : C(Xl, ...,X k ) —> C(X 1; ...,X n ) <g) Afn, k ) determined by: 

n 

W-n.k (Xj) ^ ^ Xi ® Ui j. 
i= 1 

The quantum spreadability of random variables is dehned as the following: 

Definition 3.6. Let (^4, 0) be a noncommutative probability space. A finite ordered 
sequence of random variables (xi)i= i v .. )n in A is said to be Ai(n, fc)-spreadable if their 
joint distribution fi Xly ... >Xn satisfies: 

l^xi,...,x n (p)^-Ai(n,k) = P ® ^^Ai{n,k) (^n,fc(p)) ? 

for all p G C(Xi,X k ). is said to be quantum spreadable if (xi)*=i r .. ;n is 

Ai(n, A:)-spreadable for all k = 1, ...,n — 1. 

Remark 3.7. In Curran studied sequences of C*-homomorphisms which are more 
general than random variables. For consistency, we state his definitions in words of 
random variables. It is a routine to extend our work to the framework of sequences of 
C*-homomorphisms. 

Recall that in [16j , by replacing the condition associated with partitions of the unity of 
Wang’s quantum permutation groups, we defined a family of quantum semigroups with 
invariant projections. With a natural family of coactions, we defined invariance conditions 
which can characterize conditional boolean independence. Here, we can modify Curran’s 
quantum increasing spaces in the same way: 

Definition 3.8. For k, n G N with k < n, the noncommutative increasing space B.fk,n) 
is the unital universal C*— algebra generated by elements {ufj |1 < i < n, 1 < j < k} and 
an invariant projection P such that 

1. Each ufj is an orthogonal projections-^ = (uf'j)* = ) 2 for all i — 1, ...,n; j = 

l,...,k. 

2. For 1 < j < k we have uf-P = P. 

i=l 

3. Increasing sequence condition: = 0 if j < f and i > if. 

The same as A.fn, k), there is a unital *-homomorphism : C(Ah, ...,X k ) —> C(Xl, ..., X n 

Bi(n,k ) determined by: 

n 

( x j) = 

1=1 

As boolean exchangeability defined in [l6|, we have 
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Definition 3.9. A finite ordered sequence of random variables (xi)i =in (.4, </>) is said 
to be Bi(n, fc)-spreadable if their joint distribution (J, xltm „ tXn satisfies: 

l*Xl,...,Xn(p ) P = Pfi® id Bi {n,k){o%\{p))V, 

for all p G C(X\,Xk). (xi)i =is said to be boolean spreadable if (xj)i=i,...,n is 
Bi(n, fc)-spreadable for all k = 1 , ...,n — 1. 

We will see that Bi(k, n ) is an increasing space of boolean type, because we can derive 
an extended de Finetti type theorem for boolean independence. 

Recall that, in [9j, Franz showed some relations between free independence, mono¬ 
tone independence and boolean independence via Bozejko, Marek and Speicher’s two- 
states free products^]. We can see that monotone product is “between” free product and 
boolean product. From this viewpoint of Franz’s work, we may hope to define a kind 
of “spreadability” for monotone independence by modifying quantum spreadability and 
boolean spreadability. Notice that there are at least two ways to get quotient algebras 
of Bi(k,ny s such that the P-invariance condition of the quotient algebras is equivalent 
quantum spreadability: 

1. Require P to be the unit of the algebra. 

n 

2. Let Pj = E Uij, require Pyu^j = UpPy for all 1 < j. j' < k and 1 < i < n. 

2=1 

To define the monotone increasing spaces, we modify the second condition a little: 

Definition 3.10. For fixed n, k G N and k < n, a monotone increasing sequence space 
Mi(n,k) is the universal unital C*-algebra generated by elements {u\j }i=i J ... J n,j=i,...,k 

1. Each Uij is an orthogonal projection; 

2. Monotone condition: Let Pj = ^ u ij \ Pj u irf = u i'j' if f — 3■ 

2=1 

n 

3. E ulJPi = Pi for all 1 < j < k. 

2=1 

4. Increasing condition: u ■™' ) ii™-, = 0 if j < j' and i > i'. 

We see that Pi plays the role as the invariant projection P in the boolean case. For 
consistency, we denote Pi by P. Then, we can define a P-invariance condition associated 
with Mj(n, k) in analogy with P*(n, k ): For fixed n,k G N and k < n, there is a unique 
unital *- isomorphism ay ^ : C(Xl, ...,Xk) —> C(W, ...,X n ) <g) Mj(n, k) such that 

n 

2=1 

The existence of such a homomorphism is given by the universality of C(Afi,..., Xk). 

Definition 3.11. A finite ordered sequence of random variables (ay)j=i,.. M n in (A,4>) is 
said to be Mi(n,k )-invariant if their joint distribution fjb XUmmm>Xn satisfies: 

/Lei,...,xfc(p)P = Pfri,...* ® id-Mi(n,k)( a hJ (l , ))P) 

for all p G C(Ai,..., Xk). (^i)i=i,...,n is said to be monotonically spreadable if it is Mi(n, k)- 
invariant for all k = 1, ...,n — 1. 
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We will see that these invariance conditions can characterize conditionally Monotone 
independence in a proper framework. 

As remark 2.3 in 15], a first question to our definitions is whether Ai(n,k ), Bi(n,k ), 
Mi(n,k ) exist. In |5|, Curran has showed several nontrivial representations of Ai(n,k). 
In the following, we provide a family of presentations of Ai(n,k), Bi(n,k), Mi(n,k ) for 
n > k : Fix natural numbers n > k, let +..., Ik € N such that 


l\ + ■ ■ ' + Ik — Lt- 


We denote by H t a ^-dimensional Hilbert spaces with orthonormal basis {e^| j = 1,..., Z+ 
Let C ?; be the unit of the algebra P op be the one dimensional orthogonal pro- 

jection onto CeR Pi be the one dimensional projection onto C ^ Consider the 


following matrix: 


/ p i,i o 


0 \ 


P\,h o 

o P 2 ,1 


0 

0 


0 P-i.h 

0 0 


0 

0 


V 0 


Pi 


k, 1 


k,lk 


We see that the entries of the matrix satisfy the increasing condition of spaces of increas¬ 
ing sequences. By choosing proper projections P M , we will get representations for our 
universal algebras: 

Quantum family of increasing sequences: For each 1 < j < k, the algebra generated by 
{P e i\i = 1,..., lj} is isomorphic to C*( Z+. The reduced free product **L, Z/. is a quotient 
algebra of Ai(n, k ). One can dehne a C'*-homomorphism ir from A i {n 1 k ), such that 


Tr(uij) 


the image of P^ij in * k =1 C* ('Ll .) 

o' 

0 


if 0 < / = j-‘^2 l m < h 

l=m 


if otherwise 


Boolean family of increasing sequences: One can dehne a CMiomomorphism n from 

k 

Bi(n, k ) into P((g) Hi) such that 

i= 1 




(g) p« mi ® P e (L) ® Pim 2 if o < j' = j - £ / m < h 

mi = l o' m2=i+l l=m 

0 if otherwise 
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Monotone family of increasing sequences: One can define a C'*-homomorphism tt from 


Mi(n,k) to 

i= 1 


7r ' u i i j) ~ ^ mi = l 


(g) h mi ® P e (k) (8) p im 2 if 0 < f = j - E l rn < h 

i' m 2 =i+l l=m 

0 if otherwise 


The existence of these homomorphisms are given by the universal conditions for Afin, k), 
Bi(n,k ) and Mi(n,k) respectively. Since the above representation of Mi(n,k ) plays an 
important role in proving our main theorems, we summarize it as the following proposition: 

Proposition 3.12. For fixed natural numbers n > k. Let Z 1; l k e N such that l\ 4— • + 
l k = n. Let H, be a U-dimensional Hilbert spaces with orthonormal basis {e^| j = 1, l t } 
and Li. be the unit of the algebra BfiHifi, P op be the one dimensional orthogonal projection 

onto Ce+, Pi be the one dimensional projection onto C^e^. Then, there is a C*- 

j 

homomorphism tt : M.fin, k ) — > B(PLi <g) • • • H k ) defined as follows: 

(g) Ii mi ® P a,) (g) Pu 2 if 0 < f = j~‘j2 l m < h 


7l[Uij) — ^ mi= i 


e , 

3 7X12=1+1 


l=m 


0 if otherwise 

Also, we need the following property in the future: 

Lemma 3.13. Given natural numbers ni,n 2: n,k G N such that n > k. Let(uij) i= i.«. ; j=i.fc 

be the standard generators of Mfin^k) and («' j)i=i,...,n+n 1 +n 2 ;j=i,...,k+n 1 +n 2 be the standard 
generators of M t (n + ni + n 2 ,k + rq + 112 ). Then, there exists a C*-homomorphism 
tt : M.fin + ni + n 2 , k + n\ + n 2 ) —7 Mfin, k) such that 


n u ij) = 


i—1 


Sid p 

if 


1 < i < 

Ml 


Sid 

if 

ni + 1 < i < n + ni, 

n 1 < j < ni + k 

0 

if 

ni + 1 < i 

< n + ni, j 

< n 1 or j > ni + k 

i—n,j—kh¬ 

if 


i > n + ni + 1 


an d I is 

the identity of M.fin, k ). 



the matrix form of (7r( 

u i,j))i=l,---,n+ni+n 2 ;j= 

--l y ...,k+ni+ri 2 ^ 

/ P ... 

0 

0 ••• 

0 0 •• 

• 0 \ 


0 ••• 

P 

0 ••• 

0 0 ■■ 

• 0 


0 ••• 

0 

Ml, 1 • • • 

Ui,k 0 • • 

• 0 


0 ••• 

0 

Mn. 1 

• • 0 

e 

S3 

• 0 


0 ••• 

0 

0 ••• 

0 I •• 

• 0 


V 0 ••• 

0 

0 ••• 

0 0 •• 

• I) 
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It is easy to check that the coordinates of the above matrix satisfy the universal conditions 
of M l (n + n i + n 2 , k + rii + n 2 ). The proof is complete. □ 

In analogue of the (n, A;)-partial exchangeability, we can define noncommutative versions 
of partial exchangeability for free independence and boolean independence: 

Definition 3.14. For k,n G N with k < n, the quantum space Ai(n,k) is the universal 
unital C*-algebra generated by elements {'Up-|l < i < n, 1 < j < k} such that 

1. Each Uij is an orthogonal projection:^ = u *• = uf 3 . 

2. Each column of the rectangular matrix u = (u,j) forms a partition of unity: for 

n 

1 < j < k we have Y u ij = T 
1=1 

Remark 3.15. A^n, k ) is a quotient algebra of Ai(n, k), because the definition of A^n, k ) 
has one more restriction than Ai(n , k) ’s. A[(n , n) is exactly Wang’s quantum permutation 
group A s (n). 

There is a well defined unital algebraic homomorphism 

: - x k) c ( x ^ - X n) ® A(n, k) 

such that 

n 

“S’a = E a ® 

i=l 

where 1 < j < k. The distributional symmetry associated with this quantum structure 
is: 


Definition 3.16. Let Xi,...,x n G be a sequence of n- noncommutative random 

variables, k < n be a positive integer. We say the sequence is (n, A:)-quantum exchangeable 

if 


hxi,...Xk(p) — Pxi,...x n ® idAi(n,k)( a n } k (p))> 

for all p G C(Xl, ..., X k ), where is the joint distribution of aq, ...Xj with respect to 

(p for j = k, n. 


By modifying the second universal condition of Ai(n, k), we can define a boolean version 
of partial exchangeability: 


Definition 3.17. For natural numbers k < n, Bi(n,k ) is the non-unital universal C*- 
algebra generated by the elements ..., n -j=i,...,k and an orthogonal projection P. such 

that 

(1) Uij is an orthogonal projection, i.e. u itJ = w* • = uf -. 

n 

(2) Yj u^j P = P for all 1 < j < k. 

1=1 

Remark 3.18. Bi(n,n ) is exactly the boolean exchangeable quantum semigroup B s {n). 


There is a well defined unital algebraic homomorphism 

: C(W 1; ...X k ) -A C(X 1 , ...X n ) ® Biin, k) 
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such that 

n 

i= 1 

where 1 < j < k. The distributional symmetry associated with this quantum structure 
is: 


Definition 3.19. Let xi,...,x n G be a sequence of n-noncommutative random 

variables, k < n be a positive integer. We say the sequence is (n, /c)-boolean exchangeable 

if 


P>x 1 ,...x k (p)P — P/Lei ,...x n ® (n,i)( a n| fc (p))P 

for all p G C(Ad, Xjf), where p Xl ,...,xj is the joint distribution of X\, ...Xj with respect to 
(p. 


Now, we turn to define our noncommutative distributional symmetries for infinite se¬ 
quences of random variables. In this paper, our infinite ordered index set / would be 
either N or Z. 


Definition 3.20. Let (*4., q i>) be a noncommutative probability space, I be an ordered in¬ 
dex set and (x*)j e / a sequence of random variables in A. (.£*)«=/ is said to be monotonically 
(boolean) spreadable if all its finite subsequences (x^, ...,Xi t ) are monotonically (boolean) 
spreadable. 


Lemma 3.21. Let (xi, ...,x n+ 1 ) be a monotonically spreadable sequence of random vari¬ 
ables in ( A,(j )). Then, all its subsequences are monotonically spreadable. 


Proof. It suffices to show that the subsequence (xi,..., x/_i, Xj + i,..., x n+l ) is monotonically 
spreadable for all 1 < l < n. If we denote (xi, ..., xi^i, xi+i, ..., x n+ i) by (yi,...,y n ), then 
we need to show that (yi, ..., y n ) is M*(n, A:)-spreadable for all k < n. 

Fix k < n, let {uij}i=i,...,nq=i,...,fc be the set of generators of M*(n, k) and {Pij}i=i,... 1 n+i ; j=i,... 1 k+i 
be an n + 1 by k + 1 matrix with entries in M*(n, k) such that 



(m) 

u h 

(m) 

u l-lj 

(m) 

u iJ-1 
(m) 

u i- u-i 

0 


if 1 <i,j<l 
if 1 < j < l, i > l 
if 1 < i < l, j > l 
if i,j > l 
otherwise 


It is a routine to check that the set {Pij}i=i,...,n+iy=i,...,fe+i satisfies the universal condi¬ 
tions of Mj(n+1, k+ 1). Therefore, there exists a C'*-homomorphism if : M^n+l, k+ 1) —)■ 
Mi(n,k ) such that 

^«j) = Pij 


where {u'j} is the set of generators of M^fri + 1 ,k + 1). 
notation: 


f i if 1 < i < l 
( i + 1 if i > l 


Now, we need a convenient 


an 
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Then, P<j{i),a(j) — ?4™' ) and = x^q for all i = 1 and j = 1 ,....+ + 1. For all 

n 

monomial X n ■ ■ ■ X Jrn 6 C(X 1} X k ). let P[ — Yh u 'n an d P be the invariance projection 

2=1 

of Mj(n, k ), we have 

/h/lv.2/n(^0l ‘ ‘ ‘ +?m)P 
= P/^xi,...,a; n+ i(^(T(ji) ‘ ' ' -^o-(j m ))V , (Pl)P 

= P'0(/I'xi,...,a;„ + i (+r(ji) ' ' ‘ ^cr(j m ))Pl)P 

72+1 

= <8> zdMi(n+l,fc+l) ( X] +1 ' ' ' ® ffii.ffQi) ' ' ' 

Notice that u[ a(j ^ = 0 since a(j) never equals l, the quality can be written as the following: 


hn,.,v»(Xh ''' +?m)P 

n 

— P'0(A i s 1 ,...,Xft+ 1 ® *^Mj(n+l,fc+l) ( -+r(ii) ‘ ‘ ‘ ® W cr(u),o-(ji) 

ilvi*m = l 

n 

/^®l,...,a;n+l ('^O'(il) ^^ cr (^rri))^(^'cr(2i),cr( i 7i) ^o{irn)^(jm) 

2l,...,2 m = l 

= V u (X- ■■■X jPu- m - • •+ m) . P 

F'S/lj-ji/nV'-U a im,Jm 

^1 ,...,2771 = 1 

which completes the proof. 


■ ■ • u 


0’(^7n),0’O'ra) 


))P 


□ 


Then, we have 

Proposition 3.22. Let (A,<f>) be a noncommutative probability space and (x+gz fre a 
sequence of random variables in A. Then, (x+gz is monotonically (quantum, boolean) 
spreadable if and only z/(x+=_ n _ n+ i,...,. n -i,n monotonically (quantum, boolean) spread- 
able for all n. 

Proof. It is sufficient to prove “4=”. Given a subsequence (x^,..., x*,) of (x+gz, there 
exits an n such that — n < + ...+ < n. Since (xj)j=_ rei is monotonically 

spreadable, by Lemma [3.211 we have that (x^,..., x+ is monotonically spreadable. The 
same to quantum spreadability and boolean spreadability. □ 


4. Relations between noncommutative probabilistic symmetries 

In this section, we will study relations between the noncommutative distributional 
symmetries which are introduced in the previous section. 

It is well know that every C*- algebra admits a faithful representation. Fix n, k G N, 
such that 1 < k < n — 1. Let $ be a faithful representation of Bi(n,k ) into B(fH ) for 
some Hilbert space TL. For convenience, we denote $++ by tqj and $(P) by P. 

According to the definition of B/f k, n), u+s and P are orthogonal projections in B(fH). 

Let Qi = J2 Uij for 1 < i < n. In [ll|, we know that the set P(H) of orthogonal 

3 = 1 

projections on Ti is a lattice with respect to the usual order < on the set of selfadjoint 
operators, i.e. two selfadjoint operators A and B, A < B iff B — A is a positive operator. 
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Now, we need the following notation in onr construction. Given two projections E and 
F, we denote by E V F the minimal orthogonal projection in P('H), such that E V F is 
greater or equal to E and F. E V F is well define and unique, we call it the supreme of 
E and F. It is easy to see that ( E V F)E = E and (E V F)F = F 

We turn to define a sequence of orthogonal projections in P(fH) as follows: 

P{ = I-Qi, 

Pi = I - P[v ■ ■ - V P-_x v Qi 

for 2 < i < n. 

Lemma 4.1. Given a nonzero vector v G P, E and F are two orthogonal projections on 
%. If ( E V F)x = x and Ex = 0, then Fx = x. 

According the construction of {P/}i<j< n , we have 

Ptf = S ^ P i 

and 

P i u i,j = 0 

for all 1 < i < n and 1 < j < k. 

n 

Lemma 4.2. p! = /, where I is the identity in B(fH). 

i=1 

n 

Proof. Since the orthogonal projections P' are orthogonal to each other, ^ P[ is an or- 

2=1 

n 

thogonal projection which is less than or equal to the identity /. If ^2 P( < I, then there 

2=1 

exists a nonzero vector v e T-i such that 

n 

E p >=°- 
2=1 

Then, we have 

0 = P' iX = (/ - P[ V ■ • • V V Pi)x 

or say 

{P[ V • • • V P'_ x V Pf)x = x 

for all i. Since P r m x = 0 for all 1 < m < i — 1, by Lemms lCT = x. Then, we have 

n 

nx = Y2 p i x 
2=1 
n k 

= E E u i-f x , 

2=1 j= 1 
k n 

= E(Ev) 

3 =1 *=1 
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k n 

which implies that n is in the spectrum of Y2 u hr Notice that, to every 1 < j < k, 

j= 1 ®=1 
n 

Y2 u i,j — I since they are orthogonal projections and orthogonal to each other. Therefore, 
2=1 

k n k 

o < Ui ’i - S 1 - kL 

j =1 i =1 j =1 

It contradicts to the implication above. The proof is complete. □ 

n 

Corollary 4.3. J2 P/P = P- 

2=1 

Proposition 4.4. Let (A,(j>) be a noncommutative probability space, (xf)is a finite 
ordered sequence of random variables in A. For fixed n > k, the joint distribution p xi ,...,x„ 
is Afin, k) -invariant if it is Afin, k + 1) -invariant 

Proof. Let {npjl < i < n, 1 < j < k} the set of standard generators of Afin, fc), $ be a 
faithful representation of Afin, k) into BfiH). With the above construction, we can define 
{M' J }i=i,...,n;i=i,...,fc+i as following: 

, _ J if j < k 

~ \ Pj if j — k 

By Lemma 14.21 {rtC} i= i,..., ni j=i,...,k+i satisfies the universal conditions for Afin, k + 1). Let 
{u"j\l < i < n, 1 < j < k + 1} be the set of standard generators of Afin, k + 1). then 
there exists a C *—homomorphism 4> : Afin, k + 1) —> BfiH) such that: 

= <y 

Therefore, (IC 1 *!?' defines a unital C *—homomorphism 

: C* — alg{u[j |1 < i < n, 1 < j < k} —» Afin, k) 

such that 

= u id 

for all 1 < i < n, 1 < j < k. 

If px 1 ,...,x n is Afin, k + l)-invariant, then 

hx\,...,xk+i (p) — hx\,...,Xk ® ^Ai(n,k+l){ a nt k+l{p)) 

for all p G C(W,..., X k+ f). Let p = Xj x ■ ■ ■ X J: G C(X 1; ..., X k ), then we have 

Fxi,...,Xk (P) I A(n,k) 

^ ^ ( Pxi,...,X k+1 (P)I-A(re,fc+l))) 

$ $ (Pxi,...,x n ® *rfAj(n,fc+l) ( c bi,fc+l(^j'i ’ ’ ’ Xj t )) 

n 

— $ $ (Pxi,...,x n ® f^A((n,fc+l) ( Y2 -^-h ' ' ' Xq ® u i 1: ji ' ' ' U ii,ji ) 

iii—i®! 

n 

hx\,...,Xn ® ^A;(n,fc)( ^2 Xj /1 • • ■ Xi l ® llii,ii ’ ’ ’ ^®J,.Jj) 

*1, —,®i 

Px\,...,x n ® ^A l (n,k){.° i n ^k (P)) 
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Since p is an arbitrary monomial, the proof is complete. □ 

The same, we can show that 

Corollary 4.5. (J, X i,...,x n is Bfn, k)-invariant if it is Bi(n, k + 1 )-invariant 

Lemma 4.6. p xl: ... :Xn i s ( n, k)-quantum spreadable if it is Ai(n,k)-invariant. 

Proof. Let be generators of A^n, k ) and {«C}i=i,..., n ;j=i,...,fc be genera¬ 

tors of Ai{n, k). Then, there is a well defined CMiomomorphism fd : Ai(n , k) —>■ A^n, k ) 
such that f3(uij = uX). The existence of (3 is given by the universality of Ai(n, k ). Since 
Pxi,...,x„ is A t (n, fc)-invariant, for all monomials p = X tl ■ ■ ■ X im e C(Ad, ...,X k ), we have 

t l 'xi,...,Xk(p)^-Ai(n,k) — Px\,...x n ® idAi(n,k)i a nt k (p)) — ^ ^ 0( a bi ‘ ’ ' x jm) u ji,h ' ' ' u jm,im • 

ilr-jm 

Apply j3 on both sides of the above equation, we have 

k‘Xi,...,x k {p)]-A i (n,k) = ^ ] ^i X ji ' ' ' X jrn) u j 1 ,i 1 ' ■ ■ u jm,im = Pxi,...x n ® id Ai(n,k) { a n,k (p) ) • 

jlf-ijm 

The proof is complete. □ 

The same, we have 

Corollary 4.7. fi xu ... jXn is (n,k)-boolean spreadable if it is Bfn, k)-invariant. 

Corollary 4.8. (xi,...,x n ) is boolean spreadable if it is boolean exchangeable. (xi,...,x n ) 
is quantum spreadable if it is quantum exchangeable. 

In summary, for fixed n, k G N such that k < n, we have the following diagrams: 

Bin , u); nv Bfn, A:) mv B^in, kf, nv 

APj(u, A:)inv 

A{n, 'n)i nv Aiin , A:); nv A^in, A:); nv 

and 


Booolean exchangeability -► Boolean spreadability 


Monotone spreadability 

Quantum exchangeability ->■ quantum spreadability 

The arrow “condtion a) —y condition b)” means that condition a) implies condition b). 
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5. Monotonically equivalent sequences 

In order to study monotone spreadability, we need find relations between mixed mo¬ 
ments of monotonically spreadable sequences of random variables. Since all the mixed 
moments can be denoted by finite sequences of indices, we will turn to study finite se¬ 
quences of ordered indices. In this section, we introduce an equivalent relation, which has 
a deep relation with monotone spreadability, on finite sequences of ordered indices. 

Definition 5.1. Given two pairs of integers (a, b), (c, d) , we say these two pairs have the 
same order if a — b, c — d are both positive or negative or 0. 

For example, (1, 2) and (3, 5) have the same order but (1, 2) and (5, 3) do not have the 
same order. 

Definition 5.2. Let Z be the set of integers with natural order and Z L = Z x • • • x Z be 
the set of finite sequences of length L. We define a partial relation ~ m on Z L . Given two 
sequences of indices Z = {A, = {j l, ■ • ■, j l} £ Z L . If for all 1 < h < h < L such 

that ii 3 > max{hi,h 2 } f° r a ^ h < h < hi {k 1 ,ii 2 ) an d (jh , ji 2 ) have the same order, then 
we denote Z 

rS “ , 77i J. 

Example: (5,3,4) ~ m (5,3,5) but (5,6,4) (5,6,5). 

Remark 5.3. In general, the relation can be defined on any ordered set but not only Z. 
We will show this partial relation is exactly an equivalence relation on the set of finite 
sequences of ordered indices. 

It follows the definition that (ii,ii+ 1 ) and (ji,ji+ 1 ) have the same order for all 1 < l < L 
if l~mJ. 

Now we turn to show that is actually an equivalent relation. To achieve it, we need 
to show that the relation ~ m is reflexive, symmetric and transitive. 

(Reflexivity) First, reflexivity is obvious, because a pair (i; i; fi 2 ) always has the same order 
with itself. 

Lemma 5.4. (Symmetry) LetX = {ii,...., he}, J = { fi,.... ji} € Z L such that I J, 
then J ~ m Z. 

Proof. Suppose that J ^ m Z. Then, there exist two natural numbers 1 < h < I 2 < L 
such that 

jh > max {.hi, :ih} 

for all l\ < / 3 < l 2 , but (j) i; ji 2 ) and (i; i; f 2 ) do not have the same order. Fix li, we choose 
the smallest l 2 which satisfies the above property. Notice that Z ~ m J, (j tl , ji 1+ i) and 
iihPh+i) have the same order, then 

I2 7^ h + 1- 

According to our assumption, we have 

ji' 3 > maxjjij, ji 2 } 

for l\ < If < l 2 . 

Suppose that there exists an / 3 between l\ and l 2 such that 

i h < ma x{i hl i h }. 
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Without loss of generality, we assume that 


ih > iii , 


then 


ii 3 < ih ■ 

Again, among these l 3 , we choose the smallest one. Then, we have ii > ii 3 > ii 3 for 


l\ <t l <C l 3 . 


Since X J, and (j^, ji 3 ) must have the same order, but > ii 3 and pi < ji 3 . 

It contradicts the existence of our l 3 . Hence, i [> 3 > rna x{ii i; ii 2 } for all l\ < 1 ' 3 < l 2 . It 
follows that (bi,h 2 ) and {jh,ji 2 ) have the same order. But, it contradicts our original 
assumption. Therefore, J X. 

□ 


Lemma 5.5. Given two sequences X = {A,...., iif}, J = {/, .?c} G Z L such that 

I J ■ Let 1 < li < l 2 < L such that ii 3 > max i tl ,p 2 /or a// l\ < l 3 < l 2 . Then, we 

have 

ji 3 > ma x{j h ,j h } 

for all h < h < 12 - 


Proof. If the statement is false, then there exists I 3 between l\ and l 2 such that 

ji 3 < ma x{j h ,j h }. 


Suppose ji, > ji 2 , then 


. 7 /3 X ji 1 • 

Among all these l 3 , we take the smallest one. Then, we have 


JU > ma x{j h ,ji 3 } 

for all li < I 4 < l 3 . By Lenmu fTTl J X since X J. Therefore, (ji, , ji 3 ) and (f; 1; Z/ 3 ) 

must have the same order which means 


ih — ii 3- 

This is a contradiction. If we assume that ji x < ji 2 , then we just need to consider 
the largest one among those l 3 and we will get the same contradiction. The proof is 
complete. □ 

Lemma 5.6. (Transitivity)Given three sequences X = {A, *l}, J = {ji, Q = 

{qi, ...gr} G 7L L , such that X ~ m J and J Q, then X J 

Proof. Given 1 < h < l 2 < L such that 

ii 3 > max{i; 1 , i h } 

for all 1 1 < I 3 < l 2 . By Lemma 0 we have 

j l3 > ma x{j h ,j h } 

for all h < I3 < l 2 . It follows the definition that (b 15 ii 2 ), . ji 2 ) have the same order and 

(jii , ji 2 ), (guiX 2 ) have the same order. Therefore, (b i; b 2 ), , qi 2 ) have the same order. 

Since l±, l 2 are arbitrary, it completes the proof. □ 
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By now, we have shown that the relation is reflexive, symmetric and transitive. 
Therefore, we have 

Proposition 5.7. ~ m is an equivalence relation on 7h L . 


As we mentioned before, Z can be replaced by any ordered set /. When there is 
no confusion, we always use ~ TO to denote the monotone equivalence relation on I L for 
ordered set / and positive integers L. For example, / can be [n] = {1, ...,n}. 

Definition 5.8. Let Z = (A,..., A) be a sequence of ordered indices. An ordered sub¬ 
sequence (if ,..., ii >) of Z is called an interval if the sequence contains all the elements 
if whose position 1 ' 3 is between l[ and 1' 2 . An interval (i^, ...,if 2 ) of Z is called a crest if 
ii> = if |_i ■ ■ ■ — if > max{b'-i, if + 1 }. In addition , we assume that i o < i\ and i l > ii+\ 
even though i 0 , A+ i are not in Z. 

Example: (1,2, 3,4) has one crest of length 1, namely (4). (1, 2,1, 3,4,4, 3, 5) has 3 
crests (2), (4,4), (5) and 2 is the first peak of the sequence. (1,1,1,1,1) has one crest 
(1,1,1,1,1) which is the sequence itself, because we assumed A < i\ and A < A- 

Lemma 5.9. Given Z = (A, ..., A) £ Z L , Z has at least one crest. 


Proof. Since Z consists of finite elements, it has a maximal one, i.e. b such that b > A 
for 1 < l' < L . It is obvious that b must be contained in an interval (b', ■■■,ii , 2 ) such that 


bi — hi+i " • — h;, — b' 

and 

b' > max{b'-i,b'+i}- 

Therefore, Z contains a crest. □ 


Lemma 5.10. Given two index sequences Z, J e Z L srtcb that 1 

TTl J. //(bi,-,bi) 

a crest o/Z, then (jf/, is a crest of J 

Proof. Since Z J7", all consecutive pairs (b,b+i) an d (ji■ 3 i+ 1 ) have the order. Accord¬ 
ing to the definition, we have 


bi -i < bi 

If follows that 


jii-i < ji[ 

thus (j { /, ...,ji' 2 ) is a crest of J. 


- bi+i••• 

= Zi+i • • • 


bi > jv 2 +1 


> Zi+i, 


□ 


Now, we will introduce some ~ m preserving operations on index sequences. The first 
operation is to remove a crest from a sequence. Let (ii' ,...,if ) be an interval of Z = 
(A,...,?, l ), we denote by Z \ (bi, b') the new sequence (A,..., bi— i, b'+i, h)- We 

denote by the empty set 0 = Z \ Z and we assume 0 ~ m 0. 

Lemma 5.11. LetX= (A, = (j 1 ,...,j L ) e sticb that 1 ^ rn J. If (i^, ...,if 2 ) 

is a crest of X and ( j t /, ) is a crest of J. Then, 

Z\ (bi)—,b') 7^ m J\ 
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Proof. If X \ (if ) is empty, then J \ (jf , ...,jf ) must be empty because the lengths 
of X, J are the same. If X \ (if,...,if ) is non empty, then X can be written as 






(A) 

> ** 

■Pi 2 i ■■■ 

■Pl) 


and 










A (*i;> 

-,h') 

= (h, 

..., Ai-i) A,+i, 


■Pl) = 

(<i.- 

5 Vj-1) Vp 

and 











••• Jl ’ 2 ) 

= (ji, 

J/i-l) J^+l: 


;JL) = 

= (Ji, - 

• j Ai - 1 > j/i > ■ • ■ j -1 . 

For any indices 

1 < /, 

<k< 

A -/'+/' - 

1 

such that ii 3 

> max{i' ,i'}: 

If A,A 

< /' - 1 

or /], l 

2 > l[, 

then (4,...,i 


) is an 

interval of X. Since X ~ m J7”, 


and (j'i ,jl ) have the same order . 

If u < l[ < l 2 , then i' h = i h+ f 2 _f i+l . We have 

% > %-1 > max{ i' h ,i' l2 } 

for all l[ < l 3 < 1' 2 . It follows that 

ii 3 > max{i h ,i h } 

for all k < l 3 < l 2 + V 2 - l\ + 1. It follows that (i h ,i h+ f 2 _f i+1 ) and (jh, ji 2 + f 2 -f 1 + i) have 
the same order. Thus, (ij , *{ ) and (jf. jf) have the same order. 

The proof is complete. □ 

The same as the previous proof, by checking the definition of ~ m , we have 

Lemma 5.12. LetX = (A,...., A,) e 7L l and (if,-..,if) is a crest ofX, then we have 

X = (A, ...i L ) (A, ..., if x + A,..., if 2 + K,if 2 + i, ..., i{) 

for any integer K such that if + K > max{A'_i, if 2 +\}- 

The following proposition shows a deep relation between the set of standard generators 
of A 4 (■ n , k) and r ^ > TTl • 

Proposition 5.13. Given two sequences X = {A, i L } e \P\ L ,J = {. 71 , Jr} G [n] L , 
/et fre t/ie set of standard generators of Ai(n,k), then we have 




■ ■ ■ u 


( m ) p 

qL,iL 


( qi,...,qL)~mJ 


P if J kL 

0 otherwise 


Proof. We will prove the proposition by induction. 

When L — 1, the statement is apparently true. 

Suppose the statement is true for all L < L'. Let us consider the case L = L' + 1. Let 
(if,...,if ) be a crest of X: 

Case 1: If (jf ,... ,jf ) is not a crest of J ’, then X J" and one of the following cases 
happens: 

1. There exists an index jf 3 of J such that jf ^ ji’ 3 +i for some l\ < If < If. 

2. ji / < jf'-i. 

3. jf 2 < jf 2+ 1- 

But, for all Q = (gi,..., qjf) J7", we have: 
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1- {%,%- 1 ) and (ji' 3 ,ji> 3 - 1 ) have the same order. 

2. (qi[, qi[-i) and Cbpjq-i) have the same order. 

3- i) and (ji' 2 ,ji' 2+ 1 ) have the same order. 

Therefore, we have: 

1- qv 3 7^ ®' 3 -i and b^ = b^-i for some < 1' 3 < V 2 . 

2. % < qi[ -1 and b' > b£-i- 

3. % < qv 2 + 1 and b' > b'+i- 

According to the definition of Mj(n, b), we have one of the following equations: 


-i (m) (m) 

1. Ul. „■ . U 




2. u 


(m) 


U 


(m) 


9ip®!' 
Q 

%’% ^+1-V 2+ 1 
In this case, we have 


= 0 for some ^ < /g < Zg- 
= 0. 

= 0. 


u 


(m) 


91,®1 


. P _ Q 


E 

{qi,-,qL)~mJ 

Case 2: If (jV , is a crest of 5b, then (, ...,qi> ) is a crest of Q. Therefore, 


zz 


M 

9l' ,®z' 


(m) (m) 

11 • =11 ■ 


By Lemma [5.121 if we fix the indices of Q \ (q^, ..., qy ), then qy, ■■■,qi' 2 can be any 
integers such that q^ = ... = qy and nia qi' 2 +i)} < qv < n. Therefore, we have 


^2 „,M 

“x{g i /_ 1 ,<j i / 2+1 )}<<j i / i <n 


..... (m) (m) 

11 . u, . U 

01'- l’^-l 01'**!' 0l'+l»*^+l 


1<^/ <n 


..... (m) (m) 

11 ■ 1111 
0ii-i>*i'-i 01'»*Z' 0ii+i>V 2 +i 




(m) 

— U„ f U n 

9i'-l’Vj-l 9(^+1 


The first equality holds because the extra terms are 0. The second equality uses the 
monotone universal condition of Mj(n, fc). Let L" = L — ^ + ^ + 1 < L', then Jb \ 
e [rz] L " By Lemma IS.lOj Q \ (®/, J \ (ji[, •••, jv 2 ). If we denote by 

(z(, the sequence Z\ (b', ...,bi,), then we have 


E 

(m) 

U qjh ■ 

••U M P 

a qL,iL 

(qi,...,qL) 

~m.7 

(m) (m) n 


V 

(q' 1 ,...,q' L „)~rn<7\(ji' ,■■■ 

. q i,®i V'/l" 

Ji ' 2 

/ p 

if 5b \ U 5 

~m X\ (bp —,b^ 

l 0 


otherwise 


The last equality comes from the assumption of our induction. By Lernrrn JS.lOl and 
Lemmsl5.il] J \ (jjp..., jv 2 ) X \ (bp b') iff 5b X. 

The proof is complete. □ 
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5.1. Operator valued monotone sequences are monotonically spreadable. In 

this subsection, we will show that operator valued monotone finite sequences of random 
variables are monotonically spreadable. To achieve it, we need to consider the positions 
of the smallest elements of indices sequences. 

Definition 5.14. Let X = (z 1; ..., i L ) be a sequence of ordered indices and a = min{zi, ..., z^,}. 
We call the set §(X) = {l\ii = a} the positions of the smallest elements of X. An interval 
of (ij/, ...,k' 2 ) is called a hill of X if i^-i = k' 2 +i = a and i\ 3 ^ a for all If < If < If, here 
we assume z 0 = Zl+i = a for convenience. 

Example: (1, 2, 3,4,1, 2,1) has two hills (2,3,4) and (2). (1,2,1,3,4,) has two hills 
(2) and (3,4). (1,1,1,1,1) has no hill. 

Lemma 5.15. Given two sequences X = {z 1; ..., i L }, J = € [ n] L such that 

X J, then §(X) = §(,X)- Let (z^, ...,z^) be a hill of I, then 

{%,—,%) ~m (jiG-JiO- 

Proof. Let us check the values of J one by one. Suppose 

§(X) = {/"<•••</"}, 

where k' is the number of elements of §(X). Let h = minjji, ...Jl}, we want to show that 
ji'{ = ■■ ■ = ji " = b and j t > b for all I §(X). 

Given an integer 1 < p < k', we have 

ii > a = iiff = ij" 

L l p L p +1 

for all l” <1 < l” + j. According to the definition of and Lemma[5l we have 

jl" = jl" 

JL P JL p +1 

and 

ji > ma *{ji'p jvj +1 } 

for all l n < l < l% +1 . The left is to check the elements ji with l < l" or l > I'f. If there 
exists and l < l” such that ji < j we chose the greatest such l. Then, we have 

jl' > ma x{ji,ji»} 

for all l < l' < If. Therefore, we have 

k < k” 

which is a contradiction. It implies that 

ji > ji” 

for all l < If. the same we have 

ji > ji" 

for all l > If. Therefore, jq = ■ ■ ■ = = min{ji,..., jif}. The last statement is obvious 

from the definition of ~ m . The proof is complete. □ 

Given X = {zi, ...,zl} G Z l , we will denote by xx = x tl x l2 ■ ■ ■ x rL for short . Then, we 
have 
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Proposition 5.16. Let (. A,B,E ) 6e an operator valued probability space, and (xj)j =1 
be a sequence of random variables in A. If (ay) i=1 are identically distributed and 
monotonically independent. Then, for indices sequences X = {ii, ..., ix,}, J = {j\ , ....jx} G 
[n] L such that 1 ~ m J, L G N, we have 


E[x x ] = E[xj). 

Proof. When L — 1, the statement is true since the sequence is identically distributed. 
Suppose the statement is true for all L < L' > 1. Let us consider the case L — L' + 1. 
If X has no hill, then i\ — ■ ■ ■ — ix which implies j\ = • • • — jx- The statement is true 
for this case, because the sequence is identically distributed. Suppose X has hills X 1; ...,X/ 
and a = min{z 1; ...,ix}- Then, xx can be written as 




y.n.2 


ni. 


qr or^r nr OTn- ... or L or,-j- or 


r n l +1 


where n 2 ,...,ni G Z + and ni,n/ + i G ZU{0}. Since (xi)i =are monotonically indepen¬ 
dent, we have 


E[xx\ = Elxff E[x Xl ]x n a 2 E[x l2 \ ■ ■ ■ x”'E[x Xi ]< i + 1 ]. 


Let 6 = minjj!,..., j L }, by Lemma 15. 151 J7 has hills J\ ,..., Ji whose positions of elements 
correspond to the positions of elements of X],..., X ; and Jy Jy for all 1 < V < k'. 
Therefore, we have 


E[xj\ = E[x n b 'E[x Jl ]x n b 2 E[xj 2 }---x n b 'E[xj l ]x n b ' +l } 
= E [xl 1 E [x Xl } x b 2 E[x l2 ]--- x b l E [x Xl } x b l+1 } 
= E [xff E [x Xl ] X a 2 E[xx 2 ] • • • X n a ' E[x Xl ] i” i+1 j 
= E[x x ], 


where the second equality follows the induction and the third equality holds because x a 
and Xb are identically distributed. The proof is complete. □ 

Proposition 5.17. Let (A,B,E) be an operator valued probability space, and (ay) i= i n 
be a sequence of random variables in A. If (£i)i=i,..., n are identically distributed and 
monotonically independent with respect to E. Let <f> be a state on A such that </>(•) = 
<j>(E[-]). Then, (£j)j=i,...,n is monotonically spreadable with respect to <f>. 

Proof. For fixed natural numbers n, k G N, let be standard generators 

of Mi(n, k). Let J = {j\ , ..., jx) G [k] L and denote x n ■ ■ ■ x TL by xj. We denote the equiv¬ 
alent class of [n] L associated with ~ m by [n L \. For each X G [n] L , we denote u il j 1 ■ ■ ■ u iL j L 
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by ux,j. Then, by proposition 15.131 we have 

E <Kxx)Pu x ,jP 

XG [n] L 

= E HE[xx])Pu x ,jP 

le [n] L 

= E_ E <j>(E[xx])Pux,jP 

Q & [n\LX&Q 

= E_E 0(£[*x])Pm,yP + E_E <KE[xx])Pux,jP 

J^Q&[n] L X&Q J&Q&[n\ L XgQ 

= E_ E_ HE[x Q \)Pu ItJ P + E 0(i?M)Pnz,yP 

J^Q&[n] L X&Q X~mJ 

= 0 + (f>{E[xj])P 
= <f>(xj)P 

Since n, k are arbitrary, the proof is complete. 

□ 


6. Tail algebras 


In the previous work on distributional symmetries, infinite sequences of objects are 
indexed by natural numbers. For this kind of infinite sequences of random variables, the 
conditional expectations in de Finetti type theorems are defined via the limit of unilateral 
shifts. It is shown in [14] that unilateral shift is an isometry frome A to itself if (.4, (/>) 


is a IU*-probability space generated by a spreadable sequence of random variables and <f> 
is faithful. Therefore, WOT continuous conditional expectations defined via the limit of 
unilateral shift exist in a very weak situation, i.e. the sequence of random variables just 
need to be spreadable. However, our works are in a more general situation that the state 
(j) is not necessarily faithful. In our framework, we will provide an example in which the 
sequence of random variables is monotone spreadable but the unilateral shift is not an 
isometry. Therefore, we can not get an extended de Finetti type theorem for monotone 
independence in the usual way. The key change in this paper is that we will consider 
bilateral sequences of random variables. We begin with an interesting example : 


6.1. Unbounded spreadable sequences. Unlike the situation in probability spaces 
with faithful states, an infinite spreadable sequence of random variables indexed by natural 
numbers needs not to be bounded. Even more, there exists an infinite monotonically 
spreadable unbounded sequence of bounded random variables in a non-degenerated Im¬ 
probability space. 

Example: Let be the standard 2-dimensional Hilbert space with orthonormal basis 



Let p, A, x G B{1~L) be operators on T~L with the following matrix forms: 


P = 



A 


1 M x=( 0 M 
0 2 ) ’ \1 0 ) ' 
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Let = <§Q1-L the infinite tensor product of 'H. Let {x i \ c *l l be a sequence of selfadjoint 

n= 1 

operators in B(Jif) defined as follows: 

i— 1 oo 

x i = (££) A® x( 8) (££) p 

n= 1 m= 1 

oo 

Let (j) be the vector state (-v, v) on % and <f> = 0 0 be a state on B(Jjf’). It is obvious 

71=1 

that $(x”) = (f){x n ) for for i. Therefore, the sequence (ay) ie N is identically distributed. 
For any x,y e B{fH ), an elementary computation shows 

<t>(xpy) = <i>(x)<f>(y)- 

i—1 oo 

For convenience, we will denote A 01-1 = (££) A and P®°° = (^) P. Also, we denote 

71=1 71=1 

x n ■ ■ ■ x lL = xx for X = £ N L . We will show that the sequence {xj}j € N is 

Mj(n, /c)-spreadable with respect to <L. 

Lemma 6.1. For indices sequences X = (A,...., i£), J = € [n] L svch that 

X J" and L e X + , we have 

$( Xx ) = <h(a;y) 

Proof. When L = 1, the statement is true since the sequence is identically distributed. 
Suppose the statement is true for all L < L ’. Let us consider the case L = L’ + 1. If X 
has no hill, then i\ — ■ ■ ■ — %l which implies j\ — ■ ■ ■ — j L . The statement is true for this 
case, because the sequence is identically distributed. Also, we denote by the n-the 
component of re*. Then, 

{ a if n < i 
x it n — i 
p if n > i 

and x^ x = x^x^ ■ ■ ■ x^. 

According to the definition of <f>, we have that 

oo L 

$0u^ 2 ■■■x jL )=Yi m T (r °)- 

n=1 1=1 

L (n) 

Notice that all the terms </>(H X T ) are 1 except finite terms. Suppose X has hills X 1; ...,1/ 

i=i 

and a = min{A, ■ ■■Al}, then x% can be written as 

rr> n 2 sy* rr> n l-\-l 

u '-Li u 'a ^-h-2 U 'a dj M' L 'a 

l ( 1 if n < a 

</>(]""[ x - n ^) = < (j)(x ni A^x n2 A^ ■ ■ ■ x ni A^x ni+1 ) if n — a 

f, I // (n) (n) (n) \ -r > 

i=i ^ <p[px x f px x f p ■ ■ ■ px Xi p) if n>a 


Therefore, 
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It follows that 


L OO L 

«ir’>= n «ir’>- 

1=1 n>min{X} 1=1 


Because 


we have 



$(x h x i2 ---x jL ) 

= cj)[x ni A^x n2 A^ ■ ■ 

= j>(x ni ^ Xl ^x n2 A} X2 \ ■ ■ 
= (j)[x ni A^x n2 A^ ■ ■ 


OO 

• x ni A^x ni+1 ) n (f)(px^px^p • ■ ■ px^p). 

n>a 

oo 

• x ni A\ Il \x ni+1 ) (f>{x^)4>{x^) ■ ■ ■ <$>(x^) 

n>a 

■ x ni A^x ni+1 )^(xi 1 )^(xi 2 ) ■ ■ ■ $(xxj 


Let b = rnin{h, by Lemm d5.151 J has hills J\, ..., Ji whose positions of elements 

correspond to the positions of elements of X 1; ...,X; and Jy Jy for all 1 < V < k'. 
Therefore, we have 


®(xj) = $(x h x i2 ■ ■ -x iL ) 

= (j)(x ni A^x n2 A^ ■ ■ ■ x 111 A^^x^+^Q^xj-^QtyXfo) ■ ■ ■ <F(, xj t ) 
= (f(x ni A^x n2 A^ ■ ■ ■ x ni Al I ^x ni+1 )^{xx 1 )^{xx 2 ) ■ ■ ■ < b(o>r i ) 
= ®{xx) 


where the second equality follows the induction and the true that J4 X fc and |J4| = |X fc | 
for all 1 < k < l. The proof is complete. □ 

Proposition 6.2. The joint distribution of (xf)^ with respect to <L is monotonically 
spreadable. 

Proof. Fixed n > k e N, let {n J -" ! ' ) }j=i,... i n;i=i,...,fc be the set of standard generators of 
Ai(n,k). For all X = (*!,...,*£,) G [ k} L , we denote by [n] L the equivalence class of 
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[n\ L , then we have 


P/hri,.. 

,.,X n ® 

»,*>)(a5(Vr))P 




= E , 

. ,JXj) P»g"iP 




J&[n\ L 


(Xj) P“S”fP 




= _E_ 

E 




Q&[n\ L . 

J&Q 





= E 

E 

E 

/hr 1,.. 

X0Qe[n 

Jl jeQ 

.,JX e )Pu^>P + 

X~mX 


,.,(Ai)P«gP 

= E 

E 

E 

AGi,.. 

X0Qe[n 

JlJgQ 


J~ml 


*WP»gP 

= E 

fe, .E p«xi p + 

E 

/hri,.. 

X0Qe[n 

} L 

JeQ 





= E_fei .*„(A'e)-0+ E l‘ n . 

I£Qe[n\ L J~mZ 

= E ...PyPaSSP 

= <h(x x )P 

The proof is complete. 

□ 


By direct computations, we have 

n 

l[x n+1 _ iV ®°° = w® n ® v®°° 

i =1 

and 

(4) x n+1 w® n <g> u 0o ° = 2 n w 0n+1 (8) n 0o ° 

Let (H', tt', £') be the GNS representation of the von Neumann algebra generated by 
{xi)i= l,...,oo associated with <h. We have 

Ik'^n+OII < ll^n+ill = 2 n , 

but equation [4] shows that ||7r / (x n+ i)|| > 2 n . Therefore, ||7r , (x n+ i)|| = 2 n . 

Therefore, there is no bounded endomorphism a on A such that a(xi) = Xj i+ \. 

6.2. Tail algebras of bilateral sequences of random variables. In the last subsec¬ 
tion, we showed that, in a Vb*-probability space with a non-degenerated normal state, 
the unilateral shift of a spreadable unilateral sequence of random variables may not be 
extended to be a bounded endomorphism. Therefore, in general, we can not define a 
normal condition expectation by taking the limit of unilateral shifts of variables. The 
main reason here is that the spreadability of variables does not give enough restrictions 
to control the norms of the variables in our probability space. In [A, 0), a IW-probability 
space with a faithful state, the norm of a selfadjoint random variable x G A is controlled 
by the moments of X , i.e. 

||a;|| = lim <f>{\x\ n )™. 

n—>-oo 


32 


WEIHUA LIU 


But, in our non-degenerated VF*-probability spaces, the norm of a random variable de¬ 
pends on all mixed moments which involve it. To make the conditional expectation exist, 
we will consider spreadable sequences of random variables indexed by Z but not N. In 
this case, the sequence (xi)i<=z is bilateral. As a consequence, we will have two choices to 
take limits on defining normal conditional expectations and tail algebras. Before studying 
properties of tail algebras of bilateral sequences, we introduce some necessary notations 
and assumptions first. 

Let (*4,0) is a W*— probability space generated by a spreadable bilateral sequence of 
bounded random variables (ay) ie z and 0 is a non-degenerated normal state. We assume 
that the unit of A is contained in the WOT-closure of the non-unital algebra generated 
by ( x i)iez- Let (TL,ttA) be the GNS representation of A associated with 0. Then, 
{7r(P(xi\i G Z))£| P G C(Xj| i G Z)} is dense in TL. For convenience, we will denote 
by y for all y G A. When there is no confusion, we will write y short for n(y). We 
denote by A k + the non-unital algebra generated by (xi)i>k and A k - the non-unital algebra 
generated by ( Xi)i< k ■ Let A k and Af. be the WOT-closure of A k + and Ak _, respectively. 

Definition 6.3. Let (A, 0) be a no-degenerated noncommutative PF*-probability space, 
( x i)iez be a bilateral sequence of bounded random variables in A such that A is the WOT 
closure of the non-unital algebra generated by (xi)i e %. The positive tail algebra A+ ail of 
(. Xi)i £ z is defined as following: 

Ka = f| A t■ 

k> 0 

In the opposite direction, we define the negative tail algebra Af ail of (xi) ie z as following: 

Aail = fl ■ 

k< o 


Remark 6.4. In general, the positive tail algebra and the negative tail algebra are differ¬ 
ent. 


Even though our framework looks quit different from the framework in [14 


we can 

show that there exists a normal bounded shift of the sequence in a similar way. For 
completeness, we provide the details here. 


Lemma 6.5. There exists a unitary m.ap U : Tt —> Tl such that U(P(xi\i G Z))£ = 
P(x i+1 \i G Z)f 


Proof. Since (xi) ie z is spreadable, we have 

4>((P(xi\i G Z))*P(xi\i G Z)) = 0((P(x i+ i|z G Z))*P(x i+1 \i G Z)). 


It implies that 

U(P(xi\i G Z)0 = P(x i+ i\i G Z)e 

is a well defined isometry on {7r(P(xj|i G Z))^|P G C(Xj| i G Z)} . Since {7r(P(xj|z G 
Z))e|P G C(Xj| i G Z)} is dense in TL, U can be extended to the whole space TL. It 
is obvious that {7r(P(xj|z G Z))^|P G C(W| i G Z)} is contained in the range of U. 
Therefore, the extension of U is a unitary map on TL. □ 
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Now, we can define an automorphism a on A by the following formula: 

a(y) = UyU 

Lemma 6.6. a is the bilateral shift of {xf)^, i.e. 
for all k G Z. 

Proof. For all y = P(xi\i G Z)£, we have 

a(x k )y = Ux k U~ 1 P(x i \i G Z)£ = G Z)£ = a^+iP^li G Z)£. 

By the density of {7r(P(;£i|z G Z))£|P G C(Xj|i G Z)}, we have a(xfc) = Xfc+i. The proof 
is complete. □ 

Since a is a normal automorphism of A, we have 

Corollary 6.7. For all k G Z, we /love a(.4.^) = A k+1 . 

Lemma 6.8. Fix n G Z. Let y\,y 2 G A n _. Then, we have 

{® l {a)y 1 ,y 2 ) = (oj/i,y 2 ), 

where l G N and a G „4+ +1 . 

Proof. It is sufficient to prove the statement under the assumption that l — 1. Since 
a G A r j +1 ; by Kaplansky’s theorem, there exists a sequence (a m ) mS M C A( n+1 ) + such that 
11 11 < ||a|| for all m and a m converges to a in WOT. Then, by the spreadability of 

(xi) ie z, we have 

(ot(a)y i,2/2) = lim (a(a m )y 1,2/2) = lirn < b(y* 2 a m y 1) = {ay u y 2 ) 

m—too m—Xx) 

□ 

In the following context, we fix k G Z. 

Lemma 6.9. For all a G Af, we have that 

E + [a} = WOT - lim a 1 (a) 

(—>00 

exists. Moreover, E + [a) G A+ oil 

Proof. For all yi,y 2 G {7r(P(xj|i G Z))£|P G C(Xj|i G Z)}, there exits 11 G Z such that 
2 /i, 2/2 G .An-. For all l > n — k, we have cd(a) G A( n+ i)+. By Lemma [6751 we have 

(® n+l ~ k (a)y 1 ,y 2 ) = ( Q » +2 -‘(a) yi ,y 2 ) = •• • . 

Therefore, 

lim (a l (a)yi, y 2 ) = (a n+1 ^ k (a)y 1 ,y 2 ). 

I—too 

a 1 (a) converges pointwisely to an element E + [a\. Since for all n > 0, we have a 1 (a) G Af 
for all l > n — k + 1. It follows that WOT — lim a 1 (a) G Af for all n. Hence, E + [a ] G 

l—t OO 

-Kail- □ 

Proposition 6.10. E + is normal on Af for all k G Z. 
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Proof. Let (a,„) mG N C Af be a bounded sequence which converges to 0 in WOT. For all 
2 /i , ?/2 G {Tt{P(xi\i G Z ))£|P G C(Xj|i G Z)}, there exits n G Z such that 2 / 1 , 2/2 £ .A n _. 
Then, we have 

lim (. E + [a rn ]y 1 ,y 2 ) = lim (o: r,+1 ~ A: (a m )yi, ?/ 2 ) = 0. 

m—>• 00 m—too 

The last equality holds because a 1 is normal for all l G N. The proof is complete. □ 

Remark 6.11. E + is defined on [J Af but not on A. In general, we can not extend E + 

fcez 

to the whole algebra A. 

Lemma 6.12. E + [a} = a for all a G Af ail . 

Proof. For all yi,y 2 G {n(P(xi\i G Z))£|P G C(Xj|i G Z)}, there exits n G Z such that 
2 /i, 2/2 G A n _. Since a G .4^ C ^4^ +1 , by Kaplansky’s theorem, there exists a sequence of 
(om)meN C /l( n+1 ) + such that a m —* a in WOT and ||a m || < ||a|| for all m. Then we have. 

(ayum) = lim (ayi,m) = lim (a(a m )yi,y 2 ) = {a(a)yi,y 2 ). 

m—> 00 m—»• 00 

Since 2/1 , 2/2 are arbitrary, we have a = a(a). □ 

Remark 6.13. One should be careful that A+ ail could be a proper subset of the fixed points 
set of a. 

Lemma 6.14. 

E + [a 1 ba 2 \ = aiE + [b]a 2 

for all b G Af, eq, a 2 G Af ail . 

Proof. By Lemm dfi. 1 21 we have 

P + [cqfra 2 ] = lim a l (aiba 2 ) = lim a\ai)a l {b)a\a 2 ) = lim a\a\b)a 2 = aiP + [F]a 2 

l-t OO l —^OO /—>00 

□ 


7. Conditional expectations of bilateral monotonically spreadable 

SEQUENCE 

In this section, we assume that the joint distribution of (xj) ieZ is monotonically spread- 
able. 

Lemma 7.1. Fixn > k G N, let (uij)i= be the standard generators of Mjfn, k ). 
Then, we have 

n 

f(a\x l fb\x l fb 2 ■ ■ ■ b m _ 1 x l ff i a 2 )P = ^ f{a x x l fb x x l fb 2 ■ ■ ■ 6 m _ 1 a^a 2 )Pu 3 - 1|il • • • u jtn>im P, 

ilj — )im = l 

w/iere 1 < q, ..i m < k, b x ,.... b m _ x G A( n+1)+ and ai,a 2 G X 0 _. 

Proof. Without loss of generality, we assume that there exist rq, n 2 G N such that 

ai, a 2 G A[_ ni+1)0 ] 


and 


bi,-..,b m —i G A[ n+ i )n2 +fc]■ 
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Since the map is linear, we just need to consider the case that ai,a 2 and 6 1; ...,6 m _i are 
products of (xi) ie z. Let 


and 


*^ 82,1 ’ ’ ’ ^ s 2,t2 

for some t\, t 2 £ N and —ni + 1 < s Ct d < 0. Let 

bi — x n i ■ ■ ■ x r . , 

for t[, £ N U {0} and n + 1 < r c> d < k + n 2 . Then, (x- ni+1 ,x n+n2 ) is a 

sequence of length n + rii + n 2 , we denote it by (y 1 ,..., y n + ni +n 2 )- Let n! = n + n 1 + n 2 and 
k! = k + ni + n 2 - By our assumption, aix l i 1 bix!?b 2 • • • 6 m _ \ a 2 is in the algebra generated 

by (t/i,_, 2/fcO- Let ('uA)j=i,...,n' ; be the standard generators of Mi(n',k') and P' 

be the invariant projection. Let ti be the C'Miomomorphism in Lemma 13.131 and id be 
the identity may on C(Xl, ...., X n >). Since 1 < s C) d + n\ < n±, we have 

id 0 ^(^ny-'fLsi i+ni • • • X Si ti + ni)) — X Si l+ni ■ ■ ■ X Si ti+ni 0 P. 

Since n\ + n + 1 < r C) d + ni < n\ + n 2 + k, we have 

id 0 £,/ (X r . 1 _i ni • • • X r ^ . T Tl\ )) Xn i+m+n—k ’ ’ ' t /+ni+n—fc ® L, 

' L 1 ’ 

where / is the identity of M t (n, k). According to our assumption, we have 1 < it < k for 
t — 1, m. Then 

n 

id® 7r(a^,(Xj +ni ) = ^A^ +ni <g> 

jt=i 

According to the monotone spreadability of (jj\ , y n >) and Lemm d3.131 we have 


• • • b m _iX l ^a 2 )P 


— ^yi,—,y k i{.X Sl l+ ni ' ' ' X Sl tl + ni X il+ni ■ ■ ■ X im+ni X Sl l+rll 

— Pfi yit ... t y n , 0 7r(a n ,^, 1+ni ■ ■ ■ X 


■■■X, 


S2,t 2 + rl l) 7r (L > ) 
vh . . . vim v y 

si,ti+ n i^ii+ni A i m +ni "^si,i+ni 


S2,t a +ni 


))P 


XI k"yi,—,y n i (-^81,1+ni ' ' ' ^.i.n+ni^-1+ni^ri.i+ni+n-* 


Ar m -l4_ 1+ n 1 + n -' £A 3m ^Sl,l+ni 


Xs 2 ,t 2 )^ >U jl,il • • • II 


'Jm^m 


Notice that (yi, ...,y n >) is spreadable and n + 1 < r, the above equation becomes 


0 (oi®!i 

bix[ 2 2 b 2 ■ ■ 

■ - 6 TO _ixj™a 2 )P 



E 

/h/l,~,3/ n ' 

'(^-si.i+rai ■ ■ ■ 


jlr-iim- 

: 1 




X r 

m—l,t 

Y l 

'm- 1+»1 J 

m +7ll-^Sl,l+Tll ‘ ’ ‘ ^S 2 ,i 2 )P%i,U 


i P 

,j m 

71 

E 

0(®81,1 • 

• • T /y*^ 1 /T* ... T ry^TTl 

X *Ml x jl x n,i 1 / ^ j m 

®81.1 

■ ■ x, 

jlr-ijm— 

: 1 

’ m —1 



P ? -bi,*i 

■ ■ • U,j j 

P 



E 

0 ( 01^1 

61 x ^62 • • • 6 m _ix^a 2 )Pw J - l! i 1 • • • 

Ui ,■ P 
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The proof is complete. □ 

Lemma 7.2. Fixn > k G N, let j=i,....k be the standard generators of Mj(n, fc). 

Then, we have 

n 

E + [x l fb 1 x l f 2 b 2 ■ ■ ■ b m -ix l ™\ ® P = E + [x l fb l x l f 2 b 2 ■ ■ ■ b m -ixfj ® P u juh ■ ■ ■ u jmAm P, 

jl f"ijm = 1 

where 1 < i u ...i m < k, b u ..., h m _i G A (n+1)+ . 

Proof. It is necessary to check the two sides of the equation equal to each other pointwisely, 
i.e. 

(5) 

n 

0(aiE + [xJ 61 x ^62 ■ • • b m -ix\™]a 2 )P = Y (f^E+^Wx 1 ^ ■ ■ ■ b m - 1 x l ff]a 2 )Pu jl}il ■ ■ ■ u jmtim P 

for all 01,02 G ^4[-oo,oo]- Given ai,a 2 G ^-[- 00 , 00 ], then there exists M 6 N such that 
ai, a 2 G Am_- Then, 

a- m (a 1 ),a- m (a 2 ) 6 d 0 - 

for all m > M. By Lemma 17.11 we have 

(f>(aT m (a 1 )x l i \b 1 x l £b 2 ■ ■ ■ h m -i£-™a _m (a 2 ))P 

n 

= E ( f( a ~ m ( a i) xl j 1 bix l f 2 b 2 ■ ■ ■ b m ^iX l ff i a^ m (a 2 ))Puj 1}il ■ ■ ■ Uj mjim P. 

Therefore, for all m > M, we have 

<f)(aia m (x l f l b\x l f 2 b 2 ■ ■ ■ h m _ix-™)a 2 )P 

n 

= E 0 (aia m (x' 1 l hi ^ 2 2 &2 • • • &m- 1 a^)a 2 )Puj ll i 1 • • • u jmjivn P. 

Let m go to + 00 , we get equation El 

The proof is complete since a \, a- 2 are arbitrary. □ 


Proposition 7.3. Let ( A , <jf) be a W*-probability space, (xf)^ a sequence of selfadjoint 
random variables in A , E + be the conditional expectation onto the positive tail algebra 
Afau- Assume that the joint distribution of (xi) ie z is monotonically spreadable, then the 
same is true for the joint distribution with respect to E + , i.e. for fixed n > k G N and 
(uij)i=i,..., n; j=i,the standard generators of Mi(n,k), we have that 

n 

E + [x l l \b 1 x%b 2 ■ ■ ■ 6 m _ ix\™] ® P = E+ \ x \\bix l l 2 2 b 2 ■ ■ • 6 m _ ix\™] ® P u juh ■ ■ ■ u jrn , im P, 

jlr-Jm-l 

1 ^ ^ k, /ij l m G N CLTid b n G 

Proof. Since hi,..., h m _i G G A+, by Kaplansky’s theorem, there exists sequences 

{h s ,t} s =i,. ..m—l;tGN G A n _|_ 

such that ||h S) t|| < ||6 S || and lim = h s in SOT for each s — 1, ...,m — 1. Therefore, 

n —>00 ’ 


SOT- lim x^bi^x 1 ^,^ ■ ■ ■ 6 ro -i, t 


.a; 


tl —^OO 


= X i\ b l X i 2 b 2,t2 


■■■b. 


'm—l.t 7n X 
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By Lemma [7.21 we have 

n 

E+ [x\{KtA\b2M ■ ■ ■ bm-l,t m X l £\®P = Y E+ i X h b ^I x %ht2 ■ ■ ■ 

jl 

Let ti go to +oo, by normality of E + , we have 


u 


n,n 


E+ [ x \\biX%b 2M • ■ • b m _i, trn x l ™}®P = Y E+ \ xl jA x % b 2,t2 ■ ■' b m -i, trn _ 1 x l Z]®'Pu juil ■■■u. 

Again, take t 2 , to +oo, we have 

( 6 ) 

n 

E+ [x l ^b lX %b 2 ■ ■ ■ bm- lX l ™\ <g> P = Y E+ [XjM x hb 2 ■ ■ ' bm-lXjm) ® PWji.il • • • Ujm,i m P 

jL-jm-l 

□ 


According to the universal conditions of M*(n, k). if i s = z s+ i for some s, then the terms 
on the right hand side are not vanished only if j s = j s+ \. Therefore we can shorten the 
product on the right hand side of El if i s — i s +i for some s. We have 

Proposition 7.4. Let (A,(j>) be a W* -probability space, (xj)j G z a sequence of self adjoint 
random variables in A , E + be the conditional expectation onto the positive tail algebra 
A+au • Assume that the joint distribution of (xj)j G z is monotonically spreadable, for fixed 
n > k G N and ... in ;j=i,...,k the standard generators of Mi(n,k), we have that 

n 

E+ [Pl( x h) ■ ■ -ProOO] ® P = Y E+ \Pl( X h ) ' ' -PmiXjJ] ® PWji.ii • ■ ■ Wj miim P, 

jl >••• ijm —1 

whenever 1 < i u < k, A ^ ^ z TO and pi, ...,p m G A f A;(A) 0 . 

Lemma 7.5. Let (.4., </>) &e a W* -probability space, (xi) te z a sequence of self adjoint ran¬ 
dom variables in A , E + be the conditional expectation onto the positive tail algebra Aj ail . 
Assume that the joint distribution of (x *) ie z is monotonically spreadable, then 

E+ [Pl( x h) ■ --PsiXi,) ■ ■■Pm(x im )} = E + [p i(XiJ • • • E + {p s ( Xi J] • • -PmiXiJl 

whenever i s > i t for all t ^ s, ii ^ ^ i m and pi, ...,p m G A+ ail (X) 0 . 

Proof. Since (xi) ie z is spreadable, by Lemma 16.91 we have that 

a (Pt(x it )) =p t (a(x it )) 

and 

E + [a k \a )] = E + [a] 

for all a G [J Aj and k' G Z. 

n'EZ 

Therefore, it is sufficient to prove the statement under the assumption that i\,...,i m > 0. 
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Let i s = k, (uij) i= i n+ i j=i k the standard generators of Mj(n + k, k ). By proposition 
m we have 

n-\-k 

E + [pi(Xi i) • • -PmiXiJ] ® P = ^ E+ \pA X h) ■ ■ -Pm(Xj m )\ ® PWji.i! ' ' ' P. 

Now, apply proposition 13. 121 by letting li = ■ ■ ■ = 4-i = 1 and Ik — n + 1, then we have 

^ n+/c 

^ + [pi(^ii) • --PsiXis) ■ ■■Pm(x im )\ <8> P = —— ^ + bl(®* 1 ) ■ ' ® P. 

Tl \ J- , 

j s =k 

Since n is arbitrary, and E + is normal on Af, we have 

E+ [Pi( x h) ■ ■ -Ps(x ia ) ■ ■ -PmixiJ] 
n+k 

= £ E+ ) • • • Ps ( x Js ) • •' Pm (O] 

js=k 

n-\-k 

= WOT - lim E + [ Pl (x h ) ■ ■ • E p s (x ja )) ■ • -p m (x im )] 

n—> oo ' ■ i 

Js=k 

n 

= WOT - lim ^ + [p 1 (^ 1 ) ''' E • • -P m (xij\ 

n^oo ' t= Q 

= WOT - lim E+lp^x^) ■ ■ ■ E + \p s (x is )\ ■ • -p m (a: im )]. 

n—> oo 

The proof is complete. □ 

Now, we turn to consider the case that the maximal index is not unique. 

Proposition 7.6. Let (A,4>) be a W* -probability space, (ay)i G z a sequence of self adjoint 
random variables in A , E + be the conditional expectation onto the positive tail algebra 
Af ail . Assume that the joint distribution of (xi)i e z is monotonically spreadable, then 

E+ [Pl(;Xh) ■ "PsiXi J • ■■Pm{x im )\ = E+fafaJ ■ ■■E + \ Ps (x i J] • • -PmiXiJ] 
whenever i s = max{z 1; ..., i n } for all t s, i\ i rn and pi, ...,p m € A+ ail (X) 0 . 

Proof. Again, we can assume that > 0 and max{A,..., i m } = k. Suppose the 

number k appears t times in the sequence, which are {ij.} 3 = 1,..., t such that i/. = k and 
h < h < ■ ■ ■ < k- Fix n, k and consider Mfn + k, k), by proposition 17.41 and proposition 
13.121 we have 


E+ [Pl(x h ) ■ ■■pi 1 (x ih )- ■ ■ Pl 2 {x ih ) • ■ -PmiXiJ) ® P 

k-\-n 

= E E+ \Pl(x h ) ■ ■ -Phix^)- ■■Pl 2 {x jl2 ) ■ ■ ■Pm(XiJ] <g> PP jlitk PP jh>k P- ■ -U jlvk P 

jl\ lJl2 5 ‘’’Jit ^ 

k+n 

= ■ ■ ■ Ph(x jh ) ■ ■ ■ pi 2 (x jh ) ■ ■ ■ p m (x im )]\ ® P 

3h,3i 2 ,-ji t =k 
N 

= (^iy( E E + \pi(x il )---pi 1 (x jli )---pi 2 (x jla )---p m (x im )]®P 

31 a ¥=Jl r if sA 
N 

+ E E+ \Pi(x il )---pi 1 (x jh )---pi 2 (x jl 2 )---p m (x im )]®P) 

jls =3l t for some s ^t 
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In the first part of the sum, apply proposition 17.51 on indices j; 15 ■■■ji h recursively, it follows 
that 

E + [pi(x il ) • • -p s {x jh )- ■ ■p s {x jh ) • • -PmixiJ] = E+lp^XiJ ■ ■ ■ E[p h (x jh )} ■ ■ ■ E[p h (x jh )} ■ ■ ■p m (xij}■ 
Since E[p s (x jh )\ = E[p s (x k )}, for all 

E + \pi(x il ) ■ ■ -Phix^) ■ ■ -Pi 2 (xj h ) ■ ■ = E + \p 1 (x il ) ■ ■ ■ E[p h (x k )] ■ ■ ■ E[p h (x k )} ■ ■■Pm(x im )]. 

Then, we have 

N 

E E+lp^XiJ ■ ■ ■ p h {x jh ) ■ ■ ■ Pl 2 (x jh ) ■ ■ ■ Pm(x im j] ® P 

hs^jlr iis ¥=r 

t -1 5 

n (rc+l-s) 

= ^TTP- E+ [Pl( X h) ■ ■■E\pi 1 {x k )} ■ ■■E\p h (x k )\ ■ ■ ■ Pm(x im )} ® P 

which converges to E\p s (x k )] ■ ■ ■ E[p s (x k )\ ■ ■ -p m (xi m )] ® P in norm as n goes to +oo. 

To the second part of the sum, we have 

\\ E+ [pi(x h ) ■ ■■Pi 1 (x jh )- ■ -p h (x jl2 ) ■ ■ -PmixiJWl 

< \\Pl(Xn) ■ ■ ■Ph(x jh ) • • -Pl 2 (x jl2 ) ■ ■ -PmiXiJ II 

< lbl(^i)ll • • • \\Ph( x j h )\\ ■ ■ ■ \\Ph( x ji 2 )\\ ■ ■ ■ \\Pm(x im )\\ 

< lbi(®i)ll • • • lbii(®i)ll • ■ • \\Ph( x i)\\ ■ ■ ■ lbm(®l)|| 

which is finite. Therefore, 

N 

| £ E + \p l (x il )---pi 1 (x jh )---pi 2 (x jl 2 )---p rn (x im )}\\ 

hs=h t for some s^t 
II (n+l-s) 

< (! “ S= (n+iy )lblOl)ll • • ' lbii(®l)ll • • • Ibia^OII • ' ' lbm(®l)|| 

goes to 0 as n goes to +oo. 

Therefore, we have 

E + [p 1 (x il ) • • -PhiXiiJ ■ ■ ■Pl 2 (x ih ) • • -PmiXiJ] = E + \p 1 (x il ) ■ ■■E\p h (x k )\ ■ ■■E\p la (x k )} ■ ■ ■ Pm(XiJ\ 
The same we can show that 

E+ \pi(x il ) • • -Phixk) ■ ■ ■ E + [p s (x ia )} ■ ■ ■p h (x k ) ■ ■ -Pm^im)} 

= E + \p l (x il ) • -Elpi^Xk)] ■ ■■E[pi 2 (x k )} ■ ■ ■Pm(x im )] 

which implies 


£ + blbm) • • -Ps{Xi J • ■ -Pm(0] = ^ + bl(^ii) • • ■ E + \p s (x ia )} • ■ -PmiXiJ] 


□ 
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8. DE Finetti type theorem for monotone spreadability 

8.1. Proof of main theorem 1. Now, we turn to prove our main theorem for monotone 
independence: 

Theorem 8.1. Let (A,4>) be a non degenerated W*-probability space and (xi) ie z be a 
bilateral infinite sequence of selfadjoint random variables which generate A. Let A k be 
the WOT closure of the non-unital algebra generated by {xi\i > A:}. Then the following 
are equivalent: 

a) The joint distribution of {xfii^ is monotonically spreadable. 

b) For all k G Z, there exits a <f> preserving conditional expectation E k : A k —> A+ ail 
such that the sequence (xi)i> k is identically distributed and monotone with respect 
E k . Moreover, E k \^ k , = E k > when k > k!. 

Proof. “6) a) ” follows corollary 15.171 

We will prove “a) =>- b ) ”by induction. Since the sequence is spreadable, it is suffices 
to prove a) b ) for k = 1: 

By the results in the previous two sections, there exists a conditional expectation E k : 

A k Afi ail such that the sequence ( Xi)i> k is identically distributed with respect to E k 
and E k = E k > when k > k!. Actually, E k is the restriction of E + on Af. Since the 
sequence is spreadable, we just need to show that the sequence ( Xi )j S N is monotonically 
independent with respect to E] , i.e. 

(7) E + [p 1 (x il ) ■ • p s (Xi s ) • ■ -PmOO] = E + [p 1 (x il ) ■ ■ ■ E + [p s (Xi J] • ■ -Pmix^)] 

is-1 <is> is+ 1, ii, ■■■fim e N and p u ...,p m G Af ail (X). 

Now, we prove this equality by induction on the maximal index of {A,..., i m }\ 

When max{ii,..., i m } = 1, then equality is true because i s = 1 and the length of the 
sequence (A,... ,i m ) can only be 1. 

Suppose the equality holds for max{ii,..., i m } = n. When max{zi, im} = n + 1, we 
have two cases: 

Case 1: i s — n + 1. In this case the equality follows proposition 17.61 

Case 2 : i s < n. Suppose the number n + 1 appears t times in the sequence, which 
are {i^fj = l,...,t such that ii 3 = k and l\ < < ■ ■ ■ < It.. Since i s -\ < i s > i s+ 1 , 

i s -i,i s ,i s+ i 7 ^ n + 1. By proposition 17.61 we have: 

E + [pi(x h ) ■ ■■p h {x ili )- ■ ■ Ps-fiXi^fipfiXifips+fiXi^) ■ ■ -Plfixij ■ ■■Pm(x im )\ 

= E + [pfix h ) ■ ■ ■ E+\p h (x ih )\ ■ ■ ■ Ps-liXi^PsiXiJps+fiXi^) ■ • ■ E+\p h (x ilt )] ■ ■ ■Pm(x im ))] 

Notice that 

Pi(x h ) ■ ■ ■ E + [p h (x ih )\ ■ ■ ■ Ps-iixi^fipsixijps+fixi^) ■ ■ ■ E + \pi t (x ilt )} ■ ■ -p m (x i7n ) G At ail (X u ...,X n ) 
by induction, we have 

E + [pi(x h ) ■ ■ ■ E + [p h (x ih )\ ■ ■ ■ Ps-liXi'-JPsiXi, )Ps+l{x ia+1 ) ■ ■ ■ E+\p lt (x ilt ) ■ • • Pm(x im )] 

= E+lp^Xifi ■ ■ ■ E + \p h (x ih )\ ■ ■ ■Pa-i(xi'_ 1 )E*-\p a (x i ')]p 9+ x{x i ' +1 ) ■ ■ ■ E+[p k (x ilt )\ ■ ■■p m (x im )} 

= E+lp^XiJ ■ ■■Pifixi^)- ■ ■Ps-ii:Xi s _ 1 )E + [p s (x ia )}p s+1 (x is+1 ) ■ ■ ■p h (x ilt ) • • -PmiXiJ] 
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The last equality follows proposition 17.61 This our desired conclusion. 

□ 

8.2. Conditional expectation E~ . We do not know whether we can extend E + to the 
whole space A. But, the conditional expectation E~ can be extended to the whole algebra 
A if the bilateral sequence (xi)i S z is monotonically spreadable. Given a,b,c G ^4[-oo,oo], 
then there exists L G N such that a,b,c G Therefore, a~ 3L (c) G A[-±l,-zl\- Since 

(x- 4 L, X- 4 L+ 1 , •■•) is monotonically with respect to E + , we have 

ct>(aE~[b]c ) 

= lim fi{aa~ n (b)c ) 

n—> oo 

= lim <f>{aa~ n {b)c ) 

n—>oo,n>4Z/ 

= lim <f>(E + [aa~ n {b)c \) 

71—^00,71>4Z/ 

lim 0( J B + [£; + [a]a- n (&) J E + [c]]) 

71—^00,71>4Z/ 

= lim 0(F+[a]a- n (6)F + [c]) 

71—^OO 

= lim 0 ( j B+[o]T;-[6]T; + [c]) 

71—>-00 

Since *4. is generated by countablely many operators, by Kaplansky’s density theorem, 
for all y G A, there exists a sequence {i/njneN C ^4[-oo,oo] such that \\y n \\ < ||?/|| for all n 
and y n converges to y in WOT. Then, for all a, c G we have 

lim (/>(aE~[y n ]c) = lim cj)(E + [a\y n E + [c]) = cf)(E + [a}yE + [c ]) 

7i —yoo n—>-oo 

Therefore, E~[y n ] converges to an element y' pointwisely. Moreover, y' depends only on 
y. If we define E~[y\ = y 1 , then we have 

Proposition 8.2. Let (A, 0) be a non-degenerated W*-probability space and (x t ) ie z be a 
bilateral infinite sequence of selfadjoint random variables which generate A. If (xj) ig z is 
monotonically spreadable, then the negative conditional expectation E~ can be extend to 
the whole algebra A such that 

<j>(aE-[y]b) = </>(E + [ a \yE + [ C }) 

for all y G A and a,c G Moreover, the extension is normal. 

9. DE Finetti type theorem for boolean spreadability 

In this section, we assume that (A, <f >) is a IF*-probability space with a non-degenerated 
normal state and A is generated by a bilateral sequence of random variables (x;); e z and 
(^i)iez are boolean spreadable. 

Lemma 9.1. Let y j = x_j for all i G Z, then is also boolean spreadable. 

Proof. By proposition 13.221 it suffices to show that (yi)i= is boolean spreadable for 
all n G N. Given a natural number k < n, assume the standard generators of Bfin, k ) are 
{uij}i=i t ...,n ; j=i ,...,k and invariant projection P. 
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Consider the matrix {wC}i=i,...,ray=i,...,fc such that u\ ■ = u n+ i_ it k+i-j.. it is obvious that 
the entries of the matrix are are orthogonal projections and 

n n 

= Ui ’ k+i -j p = p 
2=1 2=1 

Given j,j',i,i f e N such that 1 < j < < k and 1 < i < i' < n. Then, we have 

n + 1 — i < n + 1 — i! and k + 1 — j < k + 1 — /. Therefore, 

H'ijjU'i 1 ,j' ^n+l—i,k+l—j^n+l—i',k+l—j' O’ 

It implies that and P satisfy the universal conditions of Bi(n,k). It 

follows that there exists a unital CMiomomorphism : B^n, k ) —> Bi{n, A.) such that: 

$(«*,*) = u'ij, and <3>(P) = P. 

Let Zi = Xi_ n _i for i = 1,..., n. Since (xj)i e z are boolean spreadable, (zi) i= is boolean 
spreadable. Therefore, for i\,...,i L e [k], we have 


<f>(yii ■■■s/iJP 

0(?/n— k+ii ' ' ' 2/n—fc+ii)P 
(j)(X- n -\-k—i 1 • • 

= <l>(0(z fe+ i_ il • • • Z fe+ i_ i£ )P) 

n 

= $ ( E 0(zji ••■^ £ )P^i, fe+ i-ii k+l-i L P) 

n 

E fan ■ ■ ■ z jl )P w ra+l—,31,11 ' ' ' M n+1—j£,iz,P 

n 

E 4 > {Xj 1 — n —l ' ‘ ‘ Xj L — n —\ )P u n+l—ii,ii ' ' ' M n+1— ji,iz,P 

n 

E ^{Un+l—ji ' ' ' Vn+l— ii,)P M n+l—ji,ii ' ' ' w n+l— j'i,,ir,P 

n 

= E 'Piyji ■ ■ ■ %'i)P M ii,*i ■ ■ ■ U 3lAl^ > 


which completes the proof. 


□ 


Proposition 9.2. (*4., 0) is a W*-probability space with a non-degenerated normal state 
and A is generated by a bilateral sequence of random variables (ay); e z and (xi) ie z are 
boolean spreadable. Then, E~ and E + can be extend to the whole algebra A. Moreover, 
E~ = E + 


Proof. Since ( Xi)i<=z is boolean spreadable, (ay)j G z is monotonically spreadable. By propo¬ 
sition \f£2kE~ can be extended to the whole algebra. By Lemma [9711 (x-i)i € z is also boolean 
spreadable and its negative-conditional expectation is exactly the positive conditional ex¬ 
pectation of (. Xi)i e z■ Therefore, E + can also be extended the whole algebra A normally. 
Give a,b,c 6 ^4[_oo,oo], by Lemma [8721 we have 
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4>(aE [ b\c ) 


Notice that, for fixed n, m, 


(,b(E+[a\bE+[c ]) 
<j>iE + [E + [a]bE+[c]]) 
f){E + [a]E + [b\E + [c ]) 
lim (j)(a n (a)E + [b]E + [c]) 

n—>• oo 

lim lim 0(a n (a)£ ,+ [6]a m (c)) 

n—>oo m—>oo 


(f(a n {a)E + [b}a rn {c)) = 0(a n (a)a L (&)a m (c)) 


for L G N which is large enough. Since (x_j)j € z is monotonically spreadable, by theorem 
HU is monotonically independent with respect to E . Therefore, we have 

4>(a n (a)E + [b\a m (c )) 

= <fi\a n {a)a L (b)a m (c)) 

= 0(7W[a”(a)a L (&)a: m (c)]) 

= qt>lE~[a n la)}E-[a L (b)}E-[a m {c )]) 

= 0(£?-[a]£?"[6]£?-[c]) 

= 4>(E~ [E~ [a}bE~ [c]]) 

= <j)(E-[a]bE-[c]) 

= qb(aE+[b]c ) 


0 (a£-[%) = </>(£+[a] 6£ + [c]) 

= lim lim 0(ct n (a)£ ,+ [6]a m (c)) 

n—>oo m—>oo 

= lim lim cj)(aE + [b\c) 

71—>• oo m—>• oo 

= </>(a£+[&]c) 

It implies that .E + [£)] = iW[h] for all b G ^4[-oo,oo]- Since is the WOT closure of 

the proof is complete. □ 


Corollary 9.3. {A, f>) is a W*-probability space with a non-degenerated normal state and 
A is generated by a bilateral sequence of random variables (xi)* e z and (xi)i & z are boolean 
spreadable. Then, the positive tail algebra and the negative tail algebra of (ay); e z are the 
same. 


Now, we are ready to prove theorem 11.31 


Theorem 9.4. Let (A, <f>) be a non degenerated W*-probability space and (xi) ie z be a bilat¬ 
eral infinite sequence of selfadjoint random variables which generate A as a von Neumann 
algebra. Then the following are equivalent: 

a) The joint distribution of (xj) ieN is boolean spreadable. 

b) The sequence (xi) i£ z is identically distributed and boolean independent with respect 
to the 4>—preserving conditional expectation E + onto the non unital positive tail 
algebra of the (xi)i & z 


Proof. u b ) =>- a)”. If the sequence (xj)i e z is identically distributed and boolean indepen¬ 
dent with respect to a <f —preserving conditional expectation E , then sequence is 


boolean exchangeable by theorem 7.1 in 16]. According the diagram in section 4, {xf)i & z 
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is boolean spreadable. 


“a) =>• b)”. By Lernma l972l (xj)j GZ is monotone with respect to E + , (x-f)^ is monotone 
with respect to E~ and E + = E~. Therefore, 

E + [pi(x h ) ■ • • Pm(x im )] = E + { Pl (x h )\E + \p 2 (Xi 2 ) ■ ■■Pm{x irn )} = • • ■ 

= E+lp^Xi^E+foixij] . E+[p m {x im )} 


whenever ii ^ ^ i m and Pi, ■■■, p m £ Af ail (X). The proof is complete. 


□ 
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